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1. INTRODUCTION
A scientiﬁc and technological revolution has begun, and it is in our ability to systematically
organize and manipulate matter on a bottom-up fashion starting from an atomic level as
well as to design tools, machinery, and energy conversion devices in nanoscale toward the
development of nanotechnology. There is also a parallel miniaturization activity to scale
1
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down large tools, machinery, and energy conversion systems to micro and nanoscales toward
the same goals [1–4]. The science of miniaturization is being developed, and the limitations in
scaling down large systems to nanoscale are under investigation. Signiﬁcant accomplishments
in performance and changes of manufacturing paradigms are predicted to lead to several
breakthroughs in the 21st century. The answer to the question of how soon will this next
industrial revolution arrive depends a great deal on the intensity of scientiﬁc activities of the
scientiﬁc communities in academic disciplines, national laboratories, or even entire industries
all around the world.
The systems of interest to nanoscience and nanotechnology are the isolated individual
nanostructures and their assemblies. Nanosystems are made of countable (limited) number
of atoms or molecules. Their sizes are larger than individual molecules and smaller than
microsystems. One of the characteristic features of nanosystems is their high surface-tovolume ratio. Their electronic and magnetic properties are often distinguished by quantum
mechanical behavior, whereas their mechanical and thermal properties can be formulated
within the framework of classical statistical mechanics of small systems, now known as nonextensive statistical mechanics, as it is discussed in this chapter. Nanosystems can contain all
forms of condensed matter, be it soft or hard, organic or inorganic, or biological components. A deep understanding of the interactions between individual atoms and molecules
composing the nanosystems and their statistical mechanical modeling is essential for nanotechnology.
Nanotechnology revolution will change the nature of almost every human-made object and
activity. The objective of this chapter is to link the foundation of molecular-based study of
substances and the basis for nanoscience and technology to produce predictive computational
and modeling options for the behavior of nanosystems.
In statistical mechanical modeling of nanosystems, concepts from both classical and quantum mechanical many-body theories are employed. In doing so one is exposed to the question
of whether the position and momentum of an object could simultaneously and precisely be
determined [5] and how could one be able to brush aside the Heisenberg uncertainty principle (Fig. 1) to work at the atomic and molecular level, atom by atom, as is the basis of
nanotechnology. The Heisenberg uncertainty principle helps determine the size of electron
clouds, and hence the size of atoms. It applies only to the subatomic particles like electron,
positron, photon, and so forth. It does not forbid the possibility of nanotechnology that has
to do with the position and momentum of such large particles like atoms and molecules.
This is because the mass of atoms and molecules is quite large, and quantum mechanical calculations by the Heisenberg uncertainty principle places almost no limit on how well atoms
and molecules can be held in place [5].
This review chapter is concerned with one of the most important subjects of computational
nanotechnology; namely, statistical mechanical modeling and its application to molecular
systems to predict the properties of, and processes involving, nanoscale structures. The modiﬁcation and implementation of statistical mechanics for nanoscale systems would lead to
possibilities to study the evolution of physical, chemical, and biophysical systems on signiﬁcantly reduced length, time, and energy scales. The statistical mechanical modeling and its
application to nanosystems is achieved through mathematical modeling and computer-based
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molecular simulations employing concepts from statistical mechanics of large systems as well
as quantum mechanical many-body theories. If performed correctly, it can provide insight
into the formation, evolution, and properties of nanostructures, self-assemblies, and their
relation with macroscopic behavior of matter.
Statistical mechanics of small systems is based on the ﬁelds of quantum mechanics, thermodynamics, statistics, and mathematical modeling or computer-based simulations that allow
for computation and prediction of the underlying dynamics of nanosystems and processes in
condensed matter physics, chemistry, materials science, biology, and genetics. It can provide
deep insights into the formation, evolution, and properties of nanosystems and mechanisms
of nanoprocesses. This is achieved by performing precise analytic formulation or numerical
experiments on many aspects of various condensed phases. The precision of such calculations depends on the accuracy of the theory used and the interatomic and intermolecular
potential energy functions at hand. Computer simulations at this scale that form the basis of
computational nanoscience could allow for an understanding of the atomic and molecular
scale structures, energetics, dynamics, and mechanisms underlying the physical and chemical
processes that can unfold in isolated nanostructures and their assemblies under different
ambient conditions.
In this review chapter, we ﬁrst introduce the speciﬁcities of the thermodynamics of
nanosystems, which includes an examination of laws of thermodynamics, the concept of
nonextensivity of nanosystems, the Gibbs equation for nanosystems, and statistical mechanics and thermodynamic property predictions for nanosystems. Then we discuss advances in
direct measurement, computation, and modeling of interparticle forces and potentials for
nanostructures. Methods for computer-based simulation in nanosystems are categorized and
presented later, including stochastic methods and molecular dynamics techniques.

2. THERMODYNAMICS OF SMALL SYSTEMS
Thermodynamics and statistical mechanics of large systems consisting of many particles
beyond the thermodynamic limit (V goes to inﬁnity, N /V = N is constant) are well developed [6, 7]. Normally, thermodynamics describes the most likely macroscopic behavior of
large systems (consisting of 1023 particles ∼1 ccm in volume or more) under slow changes
of a few macroscopic properties. The really large systems (like astrophysical objects) as well
as small systems (like those of interest in nanotechnology) are excluded.
Recent developments in nanoscience and nanotechnology have brought about a great
deal of interest into the extension of thermodynamics and statistical mechanics to small
systems consisting of countable particles below the thermodynamic limit. Hence, if we extend
thermodynamics and statistical mechanics to small systems, to remain on a ﬁrm basis we
must go back to its founders and, like them, establish new formalism of thermodynamics
and statistical mechanics of small systems starting from the safe grounds of mechanics. In
this report, we to point out difﬁculties with and possibly the changes that we have to make
in thermodynamics and statistical mechanics to make them applicable to small systems.
Structural characteristics in nanoscale systems is a dynamic phenomenon unlike the static
equilibrium of macroscopic phases. Coexistence of phases is expected to occur over bands
of temperature and pressure, rather than along just sharp points. The Gibbs phase rule
looses its meaning, and many phaselike forms may occur for nanoscale systems that are
unobservable in the macroscopic counterparts of those systems [8–10].
Such questions as property relations and phase transitions in small (nano) systems are
subjects to be investigated and formulated provided the formulation of working equations of
thermodynamics and statistical mechanics of small systems are developed. It is worth mentioning that the molecular self-assembly (bottom-up technology) that was originally proposed
by Feynman [11] has its roots in phase transitions. A comprehensive understanding of thermodynamics and statistical mechanics of small systems will help bring about the possibility
of formulation of alternative self-assemblies of various atomic and molecular assemblies.
The earliest work on this subject was the well-recognized contribution of T. L. Hill, published in 1963 and 1964 [8], entitled, Thermodynamics of Small Systems. This area of study
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was recently renamed “nanothermodynamics” [9], and will be addressed in later parts of this
review chapter.
To formulate the thermodynamics of small systems, one has to start evaluating thermodynamics from ﬁrst principles reviewing the concepts, laws, deﬁnitions, and formulations, and
to draw a set of guidelines for their applications to small systems. Historically, thermodynamics was developed for the purpose of understanding the phenomenon of converting thermal
energy to mechanical energy. With the advent of technology, thermodynamics assumed a
universal aspect applicable for all kinds of systems under variations of temperature, pressure, volume, and composition. The concept of irreversible thermodynamics [12, 13] was an
extension of thermodynamics to dynamic systems under various external forces generating
varieties of ﬂuxes in the system. It is quite appropriate to examine the laws of thermodynamics for a small (nano) system that does not satisfy the “thermodynamic limit.”
The Zeroth Law of thermodynamics consists of the establishment of an absolute temperature scale. Temperature of a macroscopic system is a well-deﬁned property and is a measure
of the system’s thermal equilibrium (or lack of it). The temperature of a nanosystem ﬂuctuates around an average value. The ﬂuctuation range is a function of the system’s size and
internal structure. Although the temperature of a small system is also a well-deﬁned thermodynamic property, as for macroscopic systems, it generally has larger ﬂuctuations with
respect to time and space that would magnify as the size of the system reduces.
Because of the probabilistic aspect of statistical mechanics and thermodynamics, the theory of ﬂuctuations has played an important role [14]. Fluctuations previously were set aside
in thermodynamic property calculations of macroscopic systems because of the thermodynamic limit. However, recent advances in the ﬂuctuation theory of statistical mechanics of
macroscopic systems have been quite successful in quantifying and predicting the behavior
of complex mixtures [7]. In nanosystems, as is well explained in the following statement by
the US National Initiative on Nanotechnology [2], ﬂuctuations play an important role:
“There are also many different types of time scales, ranging from 10−15 s to several seconds, so consideration must be given to the fact that the particles are actually undergoing
ﬂuctuations in time and to the fact that there are uneven size distributions. To provide reliable results, researchers must also consider the relative accuracy appropriate for the space
and time scales that are required; however, the cost of accuracy can be high. The temporal
scale goes linearly in the number of particles N, the spatial scale goes as ON  log N , yet
the accuracy scale can go as high as N 7 to N ! with a signiﬁcant prefactor.”
Fluctuations in small systems are generally appreciable in magnitude, and they are not yet
quantitatively correlated to their properties. If we are going to extend applications of thermodynamics and statistical mechanics to small systems, accurate calculation of ﬂuctuations
are quite necessary.
According to the above statements, systems with countable number of atoms or molecules
bring about a difﬁculty for deﬁning the concept of “thermal equilibrium” in small systems.
Equilibrium is deﬁned as the condition in which there is no visible change in the thermodynamics properties of a system with respect to time. We also deﬁne thermal, mechanical, and
chemical equilibriums for a macroscopic thermodynamic system. Another important concept
in thermodynamics is reversibility and irreversibility. A reversible system is that when the
direction of a driving force (like heat or work) is changed, the system goes back to its original condition. Thermodynamic property relations for macroscopic systems in equilibrium or
when they are reversible are identical. A nanosystem may be reversible, but it may not be at
equilibrium. In general, it is safe not to use the concept of equilibrium for a small system.
Similar to macrosystems, a small system can be also deﬁned as isolated, closed (also known
as control mass), open (also known as control volume), adiabatic, isothermal, isometric (or
isochoric, also known as constant volume), and isobaric.
The First Law of thermodynamics, which is the same as the principle of conservation of
mass and energy, provides us with the relation between heat, work, mass, and energy contents
of a system. The equation for the First Law of thermodynamics for a closed (controlled
mass) macrosystem takes the following form,
dE = Qin + Win

(1)
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where dE stands for the exact differential energy increase in the system resulting from the
addition of inexact differential amounts of heat and work, Qin and Win = −Pext dV , respectively, to the system, and Pext is the external pressure. This equation is still valid for small
systems. However, clear distinction or separation between the terms “heat” and “work” may
be a bit foggy for certain small systems. Energy is deﬁned in thermodynamics as “the ability
of a system to perform work.” There are three kinds of energy important in thermodynamics: Kinetic energy, potential energy, and internal energy resulting from intermolecular
interactions in a system. Work and heat are means of energy exchanges between a system
and its surroundings or another system. Transfer of energy through work mode is a visible
phenomenon in macroscopic thermodynamics. However, it is invisible in a nanosystem, but
it occurs as a result of the collective motion of a microscopic assembly of particles of the
system resulting in changes in energy levels of its constituting particles. Transfer of energy
through heat mode is also an invisible phenomenon that occurs at the atomic and molecular
level. It is caused by a change not of the energy levels but of the population of these levels.
Because of ﬂuctuations in pressure and temperature in small systems, we may not be able
to deﬁne an isometric or isobaric system in nanoscale. The First Law, as we know it, is fully
applicable in small systems as well as macroscopic systems.
Although the First Law, which is actually the conservation of energy, is one of the fundamental laws of physics, it alone cannot explain everything related to conversion of thermal to
mechanical energy. Another law is required to understand how thermal energy can change
form to mechanical energy—how the energy in a barrel of oil can move an automobile and
for what maximum distance, for instance. This is the realm of the Second Law and entropy
production.
The Second Law of thermodynamics was originally proposed in the nineteenth century by
Lord Kelvin, who stated that heat always ﬂows from hot to cold. Rudolph Claussius later
stated that it was impossible to convert all the energy content of a system completely to
work because some heat is always released to the surroundings. Kelvin and Claussius had
macrosystems in mind in which ﬂuctuations from average values are insigniﬁcant in large
timescales. According to the Second Law of thermodynamics, for a closed (controlled mass)
system we have [13],
dPS = dS − Qin /Text ≥ 0

(2)

This deﬁnition of the differential entropy production in a closed (controlled mass) system,
dPS , which is originally developed for macrosystems, is still valid for nano/small systems.
As it will be demonstrated later, for small systems, the term entropy, S, may assume a new
statistical form because of the nonextensivity of nanosystems. Now, by joining the First and
the Second Law equations for a closed system, and with the consideration of the deﬁnition
of work, Win = −Pext dV , the following inequality can be derived for the differential total
entropy of a system:
dS ≥ 1/Text  dE + Pext /Text  dV

(3)

This is a general inequality that seems to be valid for large as well as small systems. Of course,
for a system in equilibrium, the inequality sign will be removed, and the resulting equation is
the Gibbs equation. However, because of appreciable ﬂuctuations in small systems, deﬁnition
of the static equilibrium, as we know it for large systems, will be difﬁcult, if not impossible.
In nanosystems and in very short periods of time, such ﬂuctuations are observed to be
signiﬁcant, violating the Second Law [15]. However, for longer time periods, nanosystems
are expected to be closer to reversibility than macroscopic systems.
The Third Law of thermodynamics, also known as “the Nernst heat theorem,” states that
the absolute zero temperature is unattainable. It is impossible to reach absolute zero because
properties of macroscopic systems are in dynamic equilibrium and their microstates ﬂuctuate
about their average values. Likewise, the energy of a macroscopic system is an average value,
and individual microstates will ﬂuctuate around this value. As a result, the temperature
can not reach absolute zero because of energy ﬂuctuation. The nonattainability of absolute
zero temperature seems also to be valid for nanosystems, because of also to ﬂuctuations.
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However, it may be possible to devise a conﬁned nanosystem whose ﬂuctuations are more
damped and, as a result, more likely to approach closer to absolute zero temperature than
macrosystems [16], or to have it become even negative, as for paramagnetic spins that are
cooled off by applying a magnetic ﬁeld so that entropy decreases with energy and leads to
negative temperatures.

2.1. Nonextensivity of Nanosystems [17]
In the 19th century, Ludwig Boltzmann derived the Second Law by assuming that matter
was composed of particulate bodies-atoms and molecules by applying Newtonian mechanics
along with principles of statistics. According to Boltzmann, the Second Law of thermodynamics is probabilistic in nature. He worked on statistical mechanics, using probability to
describe how the properties of atoms determine the properties of matter. In particular, he
demonstrated the Second Law of thermodynamics in a statistical statement form. According
to Boltzmann:
S = k lnW 

(4)

where S is the entropy of a system, k = 133 × 1016 erg/ C is the thermodynamic unit of
measurement of entropy, now known as the Boltzmann constant, and W is the “probability”
of the system in its mathematical sense i.e., the number of distinct ways of arranging the
atoms or molecules that are consistent with the overall properties of the system.
Two important characteristics of Boltzmann entropy are [18]: its nondecrease—if no heat
enters or leaves a system, its entropy cannot decrease; and its additivity—the entropy of two
systems, taken together, is the sum of their separate entropies.
However, in statistical mechanics of ﬁnite (nano) systems, it is impossible to completely
satisfy both of the above-mentioned characteristics [19].
Boltzmann entropy, S, as deﬁned by Eq. (4), is for a macroscopic (large) state over a
statistical ensemble. It is considered the entropy of a coarse-grained distribution, and it later
was expressed by Gibbs in terms of the probability distribution of the observational states
of the system, resulting in the well-known Boltzmann–Gibbs equation:
S = −k

W

i=1

pi ln pi

(5)

The Boltzmann–Gibbs expression for entropy was derived by Gibbs from Eq. (4) in the 1870s
by considering a system consisting of a large number, N , elements (molecules, organisms,
etc.) classiﬁed into W classes (energy-states, species, etc.). W is the total number of such
microscopic possibilities. In this equation, pi is the probability of distribution of a set of
particles i in the system.
For over a century, engineers, physicists, and chemists have used this formula for entropy
to describe various macroscopic physical systems. It is the starting point of the science of statistical mechanics and thermodynamics and of the formulation of ensemble theories [20–23].
Boltzmann and Boltzmann–Gibbs entropy formulas have limitations because they are
based on the assumption of additivity of entropy [24]. The very notions of extensivity (additivity) and intensivity in thermodynamics are essentially based on the requirement that the
system is homogeneous, which is provided for big systems with weak interactions or, more
precisely, in the thermodynamic limit, N , V → , N /V = const. These notions make no
strict sense for inhomogeneous systems such as ﬁnite (nano) systems or systems characterized by the size of the order of correlation length [25]. This is indicative of the fact that
small/nano systems are truly nonextensive, and statistical mechanics of nonextensive systems
may be applied for these cases.
It has been demonstrated that the domain of validity of classical thermodynamics and
Boltzmann–Gibbs statistics, Eq. (5), is restricted, and as a result, a good deal of attention
has been paid to such restrictions [24–27]. This branch of science is categorized in a special part of thermodynamics, which is named “nonextensive thermodynamics.” Nonextensive
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thermodynamics or thermodynamics of nonextensive systems has a formalism that is proper
for the study of complex systems that do not exhibit extensivity.
To overcome difﬁculties of nonextensive systems, a new statistics was proposed by Tsallis
[24] that has recently been modiﬁed [26]. According to Tsallis, entropy can be written by the
following equation:


qW

1− W
i=1 pi
Sq = k
pi = 1 q ∈
(6)
q−1
i=1
where k is a positive constant and W is the total number of microscopic possibilities of the

system. This expression recovers the usual Boltzmann–Gibbs entropy (Sq = k W
i=1 pi ln pi ) in
the limit of q → 1. The entropic index q characterizes the degree of nonextensivity reﬂected
in the following pseudoadditivity entropy rule [24, 26],
Sq A + B/k = Sq A/k + Sq B/k + 1 − qSq A/kSq B/k

(7)

where A and B are two independent systems. The cases q < 1, q = 1 and q > 1, respectively,
correspond to superadditivity (superextensivity), additivity (extensivity), and subadditivity
(subextensivity). Some refer to q parameter as the entropic index or the nonextensive index.
The above expression for entropy is applied in many systems, including cosmic and nano
systems. Equations (6) and (7) for entropy can be adapted to suit the physical characteristics of many nonextensive systems while preserving the fundamental property of entropy
in the Second Law of thermodynamics; namely, that the entropy production of a system is
positive with time in all processes [27]. Although Eq. (6) for entropy reduces to the Gibbs–
Boltzmann’s expression, Eq. (5), in the case of extensivity (i.e., when the entropy of a system
is merely the sum of the entropies of its subsystems). This entropy expression is considered
to be much broader than the Gibbs–Boltzmann expression as it describes many nonextensive
phenomena, including small systems, that are of interest in this report.
As mentioned above, the proposed general form of entropy of nonextensive systems, given
by Eq. (6) and the entropic index q (intimately related to and determined by the microscopic
dynamics) characterizes the degree of nonextensivity of the system. However, the entropy
in Eq. (6) reduces to the usual Gibbs–Boltzmann formula, Eq. (5), in the limit q → 1. For
q = 1, Sq is not extensive and gives rise to a host of new and interesting effects (which would
be relevant for the description of thermodynamically anomalous systems).

2.2. The Gibbs Equation for Nanosystems
For a stationary, large closed system at thermal and mechanical equilibrium with its surroundings the Second Law inequality [Eq. (3)] will be reduced to the following equation
dU = T dS − P dV

(8)

This is known as the Gibbs equation for a closed macroscopic system at equilibrium. Considering that all the terms appearing in this equation are system properties and the differentials
are all exact differentials, it can be concluded that
U = U S! V ! N 

(9)

The Gibbs equation for a macroscopic open (controlled volume) system containing a pure
compound will then take the following form: Because U = U S! V ! N , for an open pure
system, we can write
dU = "U /"SV ! N dS + "U /"V S! N dV + "U /"N V ! S dN

(10)

# = "U /"N S! N

(11)

Where,
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is deﬁned as the chemical potential. As a result
dU = T dS − P dV + # dN

(12)

This is known as the Gibbs equation for open pure systems. If we wish to derive parallel
equations to the above for nanosystems, we must consider the fact that surface effects are
much more appreciable in small systems compared with macroscopic systems. For small systems with nonnegligible surface effects proportional to N 2/3 , another term, at the ensemble
level, is added to the Gibbs equation [8, 9]. As a result, the detailed geometry and structure of the system, and the fact that there exist surface forces, edge effects, system rotation,
translation, and so forth, must be taken into account. In this case, it is assumed that the
following relation will hold for small closed systems [8]:
dU = T dS − P dV + $ dn

(13)

$ = "U /"nS! V ! N

(14)

In this equation,

is named the subdivision potential, and n is called the “number of noninteracting small
systems,” a number that is generally much smaller than the number of particles (N ) in the
nanosystem. Then for small systems, instead of Eq. (9), the following equation will hold,
U = U S! V ! N ! n

(15)

According to Hill [8], for small systems (N < NAvogadro ) we must consider the detailed
geometry and structure of the system and the fact that there exist surface forces, edge effects,
and so on. In this case it is suggested that one uses the following relation for the Gibbs
equation for a multicomponent small system:
dU = T dS − P dV +


i

#i dNi + $ dn

(16)

In the above equations,
$ = "U /"nS! V ! Ni

(17)

which is the subdivision potential in a mixture. It is a result of contributions of surface effects,
edge effects, system rotation and translation, and so forth, all of which are appreciable in
small systems and are negligible for macroscopic systems; the term $ dn in Eq. (16) does not
contribute appreciably to large systems, but the effects just mentioned are not negligible if
the system under consideration consists of an assembly of a small number of molecules. In
this equation, n is called the number of noninteracting smaller systems inside the nanosystem,
which is generally much smaller than the number of particles (N ) in the nanosystem.
Equation 16 reduces to the following format in the case of a one-component small system:
dU = T dS − P dV + # dN + $ dn

(18)

U = U S! V ! N ! n

(19)

hence

Equation (18) can be rearranged in the following form:
dS = 1/T  dU + P /T  dV − #/T  dN − $/T  dn

(20)

then, upon integration, we will have
S = 1/T U + P /T V − #/T N − $/T n

(21)
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Through the application of nonextensive statistical mechanics, one can ﬁnd a statistical
mechanical expression for the subdivision potential through which it makes it possible to
formulate the details of the thermodynamics of small systems. It is also possible to solve for
the partition function of small systems [17]. The difference between extensive and nonextensive systems in Eq. (21) is the term −$/T n. This term should be calculated from the
difference between extensive entropy and nonextensive entropy [17]:

 q


pi  +
pi ln pi
i=1→W
(22)
−$/T n = k −1/1 − q1 −
i

i

When parameter q = 1, the subdivision potential disappears as it should for macroscopic
systems. It can also be shown that [17]
 q
i=1→W
(23)
−"$/T /"q = −k1/1 − q2 1 + 1 − q pi −1 + ln pi 
i

Equations (22) and (23) constitute the statistical mechanical deﬁnitions of subdivision
potential.

2.3. Statistical Mechanics and Thermodynamic Property Predictions
Statistical mechanical treatment of macroscopic systems consisting of an assembly of
molecules starts with the Boltzmann equation, along with the use of statistical ensemble
averaging techniques for the probability distribution of molecules or particles in the system. There exist various ensemble averaging techniques in statistical mechanics, including
microcanonical, canonical, grand canonical and Gibbs ensembles.
It should be pointed out that the use of thermodynamic limit and of extensivity are closely
interwoven with the development of classical statistical mechanics, as reported in many
books published on this topic [20–23]. Hence, to extend the use of statistical mechanics to
nano/nonextensive/small systems, we must go back to its foundations and establish the new
formalism starting from the safe grounds of mechanics and statistics.
Wang and coworkers [26] recently have formulated the grand canonical partition function
of a nonextensive system in the following form:
Zq =

v

i

1/q
exp−q'$i − #Ni 

(24)

For an ideal gas by considering Eq. (24) the partition function will reduce to the following
form:

 

V 2)mkT 3N /2 1/q
(25)
Zq =
h3
q
Based on the well-known equation,


" ln Z
Uq = −
"'


(26)
N!V

we can write the chemical potential in the following form,
# = Gq /N = Uq + P V − T Sq /N

(27)

Therefore, we are in the position that we can develop an equation for subdivision potential.
It is seen that for conventional (extensive) systems in which q = 1, we have $ = 0, and
this is quite in agreement with the basic arguments in nonextensive thermodynamics.
With the availability of analytic expressions for the chemical potential and subdivision
potential of nanosystems, it would be possible to predict thermodynamic properties and
phase transitions in nanosystems. It should be pointed out that the science of phase transitions is the basic science behind molecular self-replication [28, 29].
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Most of the existing theories of ﬂuids, solids, mixtures, and phase transitions are developed
for systems at an inﬁnite thermodynamic limit using canonical or grand canonical ensembles
[6, 7]. The known thermodynamic property relations, such as the virial expansion, van der
Waals equation, and so forth, are well deﬁned for large systems in thermodynamic limit
conditions. Thermodynamic property relations in nanosystems are functions of the geometry and internal structure of the system under consideration. In contrast to macroscopic
thermodynamics of large systems, the thermodynamic properties and property relations of
small systems will be generally different in different “environments.” As a result, appropriate
ensemble technique must be used for different nano/small systems to predict their behavior
accurately.
Principles of phase separations/transitions are well deﬁned and formulated in the thermodynamic limit (inﬁnite in number of atoms or molecules), as is demonstrated for the PVT
relation of pure systems depicted by Fig. 2. Considering that nanoscale systems consist of
ﬁnite number of particles (intermediate in size between isolated atoms and molecules and
bulk materials), principles of phase transitions need to be reformulated for nanosystems.
Small systems have an additional degree of freedom unknown to large (inﬁnite) systems. In
addition to well-known structural phase transitions such as melting or boiling, fragmentation
into several large fragments and possibly also into many monomers or small clusters is
characteristic for the disintegration of ﬁnite systems [14]. For example, comparing the boiling
phenomena in macro and nano systems, [30] it is observed that boiling in nanosystem has a
new feature; fragmentation. This is a result of the important size ﬂuctuations and correlations
that distinguish fragmentation from evaporation in large systems.
At present it is difﬁcult, if not impossible, to come up with universal thermodynamic
property relations valid for all nanosystems. However, computer simulation techniques, as
discussed later in this report, may allow us to predict properties and the phase transitions
behavior of small systems. To apply statistical mechanics to nanosystems, it is also necessary
to measure or compute the intermolecular interactions in the systems, which is the subject
of the next section of this report.

3. INTERMOLECULAR FORCES AND POTENTIALS
The most important ingredient in theoretical modeling and simulation methods is the interaction potential among the particles. To have a successful theoretical model or simulation,
one needs to adopt a physically correct interparticle potential energy model. The majority
of the intermolecular potential models, for example, Lennard–Jones, ,r = 4$./r12 −
./r6 , are designed to give a statistically averaged (effective) representation of such forces

Figure 2. Pure compound phase transitions in the thermodynamic limit.
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for macroscopic systems consisting of many particles. Even the ranges of accuracy of the
available intermolecular potential parameters and constants are limited and are aimed at the
prediction of macroscopic properties. That is probably why the application of the existing
force models for the prediction of such nanocrystalline structures as diamondoids, aggregation of amphiphilic molecules into micelles and coacervates, biological membranes, and
interactions between lipid bilayers and biological membranes are not quantitatively accurate. The intermolecular potential energy database for ﬂuids and solids in macroscale are
rather complete. Parameters of interaction energies between atoms and simple molecules
have been calculated through such measurements as x-ray crystallography, light scattering,
nuclear magnetic resonance spectroscopy, gas viscosity, thermal conductivity, diffusivity, and
the virial coefﬁcients data. Most of the present phenomenological models for interparticle
forces are tuned speciﬁcally for statistical mechanical treatment of macroscopic systems.
However, such information may not be sufﬁciently accurate in the treatment of nanosystems
in which the number of particles are ﬁnite and some of the existing statistical averaging
techniques fail [6, 31–35].
Exact knowledge of the nature and magnitude of intermolecular interactions is quite
important for the correct prediction of the behavior of nanostructures. For example, in
the process of formation of crystalline nanostructures, close-packing is achieved when each
particle is touching six others that are arranged so that their centers form a hexagon (see
Fig. 3). Three dimensional close-packing can be created by adding layers of close-packed
planes one above the other so that each particle is in contact with three others in each of
the planes directly above and below it. There are two mutually exclusive options for the
positions of the particles when commencing a new layer, as indicated by the black and white
interstices of Fig. 3. One may associate these options with intermolecular potential energy
differences. This is an example of the role of intermolecular forces in structure. Knowledge
about intermolecular interactions is very critical in designing and fabricating nanostructurebased devices such as thin ﬁlm transistors, light-emitting devices, semiconductor nanorods,
composites, and so forth. However, the nature and role of intermolecular interactions in
nanostructures is very challenging and not well understood [32–36].
Molecular structural characteristics of macroscopic systems based on the knowledge of
statistically averaged (effective) pair–interparticle interactions are already deﬁned and formulated in the thermodynamic limit [37–41]. As a result, the available atomic and molecular
interaction database for macrobodies by means of effective pair–intermolecular potentials is
only an approximation. Because the number of particles are ﬁnite in nanostructures, those
statistically averaging tools are not well suited for this purpose. As a result, the theory of
intermolecular potential functions of such systems and their relationship with their structural
characteristics need to be formulated.
For atoms and rather simple molecules, quantum mechanical ab initio calculation methods
[42–44] have been successful in producing accurate intermolecular potential functions. For
complex molecules and macromolecules, the computation is prohibitively difﬁcult to produce
accurate potential data.

Figure 3. Three-dimensional close-packing options resulting from differences in intermolecular potential energies.
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Classical potentials are not always very accurate, and they usually have a simple analytical
form, so that numerical computations can be made fast. Thus, when doing modeling or
simulation, one should be perfectly aware of the power and the limitations of the potential
models being used. One should know in what range and for what purposes the potential
model was ﬁtted and made. Classical, and even tight-binding, potential models always suffer
from the problem of transferability. For example, if the potential is ﬁtted to reproduce the
mechanical properties of the FCC phase of a crystal, one usually cannot expect it to work in
situations in which the environment of atoms is different, as in a simple cubic structure with
six nearest neighbors instead of 12 in face-centered cubic. Or one can not expect to obtain
correct defect energies if the potential model is only ﬁtted to the elastic properties of the
bulk phase [45–48]. The analytic forms of those modern interparticle potentials are usually
not so simple. Although their two-body interaction forms are complicated, as are discussed
below, they could have more than pair interactions in them. Three-body or four-body terms
may be added to the two-body interaction. In some other instances, the potential has a twobody form with parameters that now have become dependent on the number and distances
of the neighboring atoms.
Now that we have emphasized the importance and limitations of the interatomic potentials
in theoretical modeling and simulation, we also discuss the general forms adopted for these
potentials and the way they are determined. Interparticle forces and potential energies are
known to be, in general, orientation dependent and can be written as a sum of repulsive,
London dispersion, hydrogen bonding, and electrostatic energies; that is,
,r! /i ! /j ! 1 = ,rep + ,disp + ,dipole + ,quad + ,inddipole + · · ·

(28)

where r is the separation of the two bodies, /i and /j are the angles between the molecule
axes and the bonds between molecules, and 1 is the azimuthal angle. For neutral and spherically symmetric molecules, when the separation r is very small, an exponential repulsive term
,rep = 2 · exp'/r

(29)

dominates, and the potential is strongly positive. Hence, ,rep describes the short-range repulsive potential resulting from the distortion of the electron clouds at small separations. For
neutral and spherically symmetric molecules, when the separation r is large, the London
dispersion forces dominate. From the equation above, the interaction force is
F = −",r/"r/i /j ! 1 = Frep + Fatt

(30)

On the experimental front, the most signiﬁcant developments were brought about by the
invention of the scanning tunneling microscope (STM) in 1982 [49], followed by the atomic
force microscope (AFM) [50] in 1986. These are tip-based devices that allow for a nanoscale manipulation of the morphology of the condensed phases and the determination of
their electronic structures. These probe-based techniques have been extended further and
are now collectively referred to as scanning probe microscopy (SPM). The SPM-based techniques have been improved considerably, providing new tools in research in such ﬁelds of
nanotechnology as nanomechanics, nanoelectronics, nanomagnetism, and nanooptics [51].
The use of AFM and its modiﬁcation to optical detection [52] has opened new perspectives for direct determination of interatomic and intermolecular forces. For atoms and
molecules consisting of up to 10 atoms, quantum mechanical ab initio computations are
successful in producing rather exact force–distance results for interparticle potential energy
[43, 53–56]. For complex molecules and macromolecules, one may produce the needed intermolecular potential energy functions directly through the use of AFM. For example, AFM
data are often used to develop accurate potential models to describe the intermolecular
interactions in the condensed phases of such molecules as C60 [57], colloids [58], biological
macromolecules [59], and so forth. The noncontact AFM can be used for attractive interactions force measurement. Contact AFM can be used for repulsive force measurement.
Intermittent-contact AFM is more effective than noncontact AFM for imaging larger scan
sizes. Because of the possibility of using AFM in liquid environments [60, 61] it has become
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possible to image organic micelles, colloids, biological surfaces such as cells and protein
layers, and generally organic nanostructures [4] at nanoscale resolution under physiological
conditions.
In addition, making microelectrophoretic measurements of zeta potential allows us to
calculate the total interparticle energies indirectly [62]. From the combined AFM and microelectrophoretic measurements, accurate force–distance data could be obtained [63]. From
the relation between the force and distance, an interparticle force versus distance curve can
be created. Then with the use of the phenomenological potential functions [36], the produced data can be readily ﬁtted to a potential energy function for application in various
nanotechnology and nanoscience computational schemes.
Theoretically, there are tremendous challenges because there is no simple way to extract
potential energy surfaces from force measurements. A given potential energy surface is a
function of the many coordinates of the nanoparticles. Particularly for large molecules, there
might be many different potential surfaces corresponding to the same force measurement.
Nevertheless, one may be able to tackle this problem with a three-pronged approach:
First, based on modeling experimental data, one may proceed with a top-down strategy. Namely, starting from the experimental data, one can construct a model for different
molecules and clusters while drawing on empirical methods to help extract the essential
features and build an appropriate potential model for a given compound.
Second, one may also explore a bottom-up approach, by using ﬁrst-principles methods
(density functional theory [64] and quantum chemical techniques [65]) to calculate the potential surfaces for simple molecules. Here we are made virtually free of any input parameters by
constructing the model potentials and testing them on much larger molecules. This step can
be iterated many times by comparing the quality of the potential with ab initio calculations.
Once a reliable potential is obtained, it may be used to compute the properties associated
with different structures for real materials. At this stage, almost no ab initio calculations can
be done practically because they would exhaust the present available computational power.
This readily leads us to the third step.
Third, one may directly compare theoretical predictions with the experimental models
obtained from Eq. (1). This step is central to a project because from the comparison, it
will become possible to update the experimental models and initiate new developments with
ab initio calculations. Once good consistency is found, it should be possible to predict and
design new materials. Figure 4 shows how these steps are linked together, and details are
presented following the ﬁgure.

AFM

Empirical modeling

Small molecules:
First-principles simulation

Large molecules:
Prediction and design
Figure 4. Flowchart for the experimental plus theoretical interparticle force study. Starting from the atomic force
microscopy results, an empirical model could be constructed. Both ﬁrst-principles calculations and experimental
results could then be used to predict the properties of materials and, ultimately, to design new materials.
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3.1. Step 1: Atomic Force Microscopy Measurement and
Empirical Modeling
AFM can provide a highly accurate measure of particle–particle forces by scanning a very
sharp tip across a sample. This force depends on the surface morphology and local type of
binding—covalent, ionic, metallic, or van der Waals. The change of force versus distance
reﬂects the nature of the potential between the molecules on the surface and the molecules
on the tip. There are two tasks at this step: ﬁrst, as the electronic, Coulomb, and exchange
interactions are functions of the inverse distance between electrons, normally the variation
of potential versus distance is nonlinear. The information from such experimental relation
between force and distance will be used to construct a model potential,

ci! j f ri! j 
(31)
,ri! j  =
i! j

where ci! j is the ﬁtting parameters and ri! j represents the coordinates of the atoms. In
general, f should be a function of both distance and angle. If we assume that f is a function
of distance, there are several commonly used functional forms for f in the literature, as
shown in Table 1.
The potential function also includes higher-order interactions (three-body, four-body,
etc.). Because normally the potential is also a function of angle–bend, stretch-bend, torsion
and rotation, based on the ﬁrst approach given above, one may perform angular-dependent
force measurements. This would provide detailed information about the interactions between
different molecules at different angles. After ﬁnishing these two tasks, it should be possible to build sophisticated potential surfaces that are functions of both distance and angles.
These potentials could then be used to construct intramolecular and intermolecular potentials. Both of them are of critical importance for understanding and designing biochemical
molecules.
The obtained potentials could be used to calculate the images of the nanostructures under
investigation in different AFM scanning regimes (analogous to those shown in Fig. 5). Such
theoretical images could be veriﬁed with the highly accurate AFM measurements.
By using potentials that have several levels of accuracy in a computer simulation calculation or a molecular-based theoretical model, one must know what kind of result to expect
and always keep in mind for what kind of calculations these potentials can be used. For
instance, if a potential is ﬁtted to reproduce elastic properties of the diamond phase of
carbon, then one will use this potential to perform simulation or calculation of the diamond phase and cannot expect, in general, to get accurate answers for the elastic or other
properties of another phase of carbon with a different coordination number.

3.2. Step 2: Theoretical Modeling
One may use the full-potential linearized augmented plane wave (FLAPW) method within
the density functional theory (WIEN package [66] and an appropriate pseudopotential code
[67]), along with the available quantum chemical techniques (Gaussian98 [42] and MOLPRO
[43]), to compute the potential surfaces for a sample molecule. In the following text, we
brieﬂy review the FLAPW method, which is among the most accurate density-functionalbased methods, whereas a full description can be found in Ref. [68].
Table 1. Some pair potential function.
Name
Harmonic oscillator
Morse
Miea
Coulomb
a

Form
1/2Kr1 − r2 

Applicable Range
2

De−2ar1 −r2  − 2e−br1 −r2  
  n
 m  n
m m−n
.
.
m
$
−
m − n
n
r
r
q 1 q2
r

Lennard-Jones is the special case when m = 12, n = 6.

Intermediate (chemically bonded)
Intermediate (chemically bonded)
Long-range (nonbonded)
Ionic bonding (partial or full electron transfer)
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(b)

Figure 5. Theoretical simulation of the scanning process at a constant height in the atomic force microscopy (AFM)
repulsive mode above the closely packed surface. Both (a) two-dimensional, and (b) three-dimensional images are
shown for the vertical force component acting on the AFM tip, depending on its position above a surface. In (a)
the darker tone denotes weaker force and the lighter tone the stronger force. Analogous but more complicated
ﬁgures can be obtained for any model potential describing the intermolecular interaction. Comparison of such
kinds, of theoretical ﬁgures with the experimental ones will help to make a choice of the most adequate model of
the potential.

The LAPW method is among the most accurate methods for performing electronic structure calculations for crystals. It is based on the density-functional theory for the treatment
of exchange and correlation, and utilizes, for example, the local spin density approximation
(LSDA). Several forms of LSDA potentials exist in the literature, but recent improvements
using the generalized gradient approximation are available as well. For valence states, relativistic effects can be included either in a scalar relativistic treatment or with the second
variational method, including spin-orbit coupling. Core states are treated fully relativistically.
This adaptation is achieved by dividing the unit cell into nonoverlapping atomic spheres
(centered at the atomic sites) and an interstitial region (Fig. 6). In the two types of regions,
different basis sets are used.
Inside an atomic sphere of radius RMT (where MT refers to “mufﬁn tin” sphere), a linear
ˆ is used,
combination of radial functions times spherical harmonics Ylm r

ˆ
(32)
,kn = Alm ul r! El  + Blm u̇l r! El Ylm r
lm

where ul r! El  is (at the origin) the regular solution of the radial Schrödinger equation for
the energy El (chosen normally at the center of the corresponding band with l-like character), and the spherical part of the potential inside the sphere is the energy derivative of ul
(i.e., u̇) taken at the same energy El . A linear combination of these two functions constitutes
the linearization of the radial function. The coefﬁcients Alm and Blm are functions of kn
(see below), determined by requiring that this basis function matches (in value and slope)
the corresponding basis function of the interstitial region; these are obtained by numerical
integration of the radial Schrödinger equation on a radial mesh inside the sphere.
In the interstitial region, a plane wave expansion is used,
1
,kn = √ eikn r !
?

(33)

where kn = k + Kn , Kn are the reciprocal lattice vectors and k is the wave vector inside
the ﬁrst Brillouin zone. Each plane wave is augmented by an atomic-like function in every

I
I
II
Figure 6. Partitioning of the unit cell into atomic spheres (I) and an interstitial region (II).
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atomic sphere. The solutions to the Kohn–Sham equations are expanded in this combined
basis set of LAPWs according to the linear variation method,

@k =
cn , k n
(34)
n

and the coefﬁcients cn are determined by the Rayleigh–Ritz variational principle. The convergence of this basis set is controlled by a cutoff parameter RMT Kmax = 6 − 9, where RMT
is the smallest atomic sphere radius in the unit cell, and Kmax is the magnitude of the largest
K vector.
In its most general form, the LAPW method expands the potential in the form

ˆ
,R =
,lm rYlm r
lm

for inside the sphere and
,R =


K

,K eiKr

(35)

for outside the sphere, and the charge densities analogously. Thus, no shape approximations are made. This procedure is frequently called the “full-potential” LAPW method (i.e.,
FLAPW). The forces at the atoms are calculated according to Yu et al. [69]. For implementation of this formalism with the WIEN package, see Kohler et al. [70]. An alternative
formulation by Soler and Williams [71] has also been tested and found to be equivalent [72].
The advantage of these theories is that they are normally parameter-free. This is usually
an independent check of experimental results and the model potentials. Moreover, with
more than 50 years of development, these theories have become quite sophisticated and
have strong reliability and predictability. They essentially can treat all kinds of atoms and
molecules. For instance, ab initio theory was recently used to simulate the reaction path for a
retinal molecule in rhodopsin [53–56] (see Fig. 7). It is shown that not only the ground state
(Fig. 8a) but also the excited states (Fig. 8b) can be calculated precisely. It is well known
that the potential resulting from electrons is much more difﬁcult to treat than that from
atoms; this is because the electron density is extremely sensitive to the structure change and
external perturbations. Experimentally, the electronic contribution is often very difﬁcult to
probe as an external intervention will affect the intrinsic electron distribution substantially.
Theoretically, one has the ﬂexibility to calculate these intrinsic properties. One may start
from small molecules where no difﬁculty is expected. This way the potential should be
computed easily and is the microscopic potential between molecules and atoms. Building on
this effort, one may then calculate larger molecules and clusters. This is a very important
leap, where two levels of calculations could be done: from the above microscopic potential,
it is then possible to construct a model potential for larger clusters and nanoparticles, and
massive parallel computations of realistic potentials for larger nanoparticles consisting of
many atoms could be carried out. One may exploit the advantage of parallel computing to
ﬁnd the potential. In particular, for nanoparticles, one can use the chemist’s view to treat
different atoms by different computers or nodes. Interactions between these nodes could
be communicated through fast Internet connections. With the increase of computational
power, one is able to compute even larger clusters, where the potential is “exact.” The model
potential resulting from the microscopic potential can be directly compared with this exact
potential by improving the quality of the model potential and predictability. This step needs

θ11,12

Figure 7. Rhodopsin segment. Isomerization occurs around the bond 11–12 with angle /11! 12 .
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Figure 8. (a) Ground-state potential versus angle /11! 12 in a segment of rhodopsin. (b) Potential for the excited state
versus the angle around the bond 11–12. Importantly, the transition matrix elements are also accurately obtained.

much computational power and is usually iterated many times until one could ﬁnd a reliable
potential. This is a very critical step before proceeding to Step 3 below.

3.3. Step 3: Development of Nanoparticle Potentials
When a cluster or nanoparticle becomes larger, a ﬁrst-principles calculation becomes very
expensive and prohibitive. Provided one already has reliable potentials from small and
medium-size nanoparticles, it will be possible to construct independent potentials for large
cluster or nanoparticle. The resultant potential can be directly compared with empirical models (Step 1). From the comparison, one can reﬁne the experimental models. Such comparison
could be repeated until the model potential is optimized. Another direct consequence from
this comparison is that it helps one to identify some areas for further theoretical developments. Experimentally, features such as impurities, structural disorders, grain boundaries,
and oxidation may be present in real samples. Theoretically, depending on the level of
sophistication—self-consistent ﬁeld, conﬁguration interaction, multireference self-consistent
ﬁeld and multireference conﬁguration interaction—the present ﬁrst-principles calculations
may give different potential surfaces. This is especially true when the compounds have
transition metal elements, as often is the case in biological molecules, where the electron
correlation is strong. Here, perturbation theory breaks down, although one may be able to
develop a very accurate density-matrix renormalization group technique for model systems
[53–56]. The initial results are quite promising, where one sees a clear improvement over
traditional quantum chemistry methods. The main idea of this method is to retain the most
relevant information while properly treating the boundary condition. This method is probably one of the most accurate methods for treating large systems. With the improved quality
of theoretical calculations and model simulations, one should be ready to predict and design
new materials with desirable features.

4. NANOSCALE SYSTEMS COMPUTER-BASED SIMULATIONS
4.1. Classiﬁcation of the Methods
The computer-based simulation methods, being developed for nanosystems, generally consist
of a computational procedure performed on a limited number of atoms, molecules, or macromolecules conﬁned to a limited, but small, geometrical space. The most important input
to such computation is the interparticle energy/force function for interaction between the
entities composing the nanosystem. Accurately administered computer simulations can help
in three different ways: First, they can be used to compare and evaluate various molecularbased theoretical models. For this purpose, we can use the same intermolecular potential
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function in the simulation as well as in the theoretical calculation. Second, for nanosystems,
computer simulations can help evaluate and direct an experimental procedure that otherwise
may not be possible. Third, an ultimate use of computer simulation is its potential to replace
an experiment, provided accurate intermolecular potentials are available to be used in their
development. Methods used for simulation of several properties of nanoscale systems differ
in their level of accuracy and in the computer time necessary to perform such calculations.
Accordingly, the timescales that each of these methods can handle can be from a single total
energy for the most accurate calculations, to picoseconds for ab initio molecular dynamics
simulations, and up to microseconds or even more for classical molecular dynamics. Much
longer timescale phenomena such as growth is treated with even less accuraccy and very
simpliﬁed potentials by using the Monte Carlo method. There are extensive references on
the subject; however, in what follows, we will mainly give references to books that include a
more general treatment of the subject and in which more detailed references can be found.
1. Methods with the highest degree of accuracy (very CPU intensive):
• Input: atomic species and their coordinates and symmetry of the structure; eventually interaction parameters (for model calculations)
• Output: total energy, charge and spin densities, forces on atoms
• Purpose: investigation of both electronic and atomic ground state, optical and
magnetic properties
• Examples: Ab initio methods for electronic structure calculation of correlated
systems [73–75]; Quantum Monte Carlo: variational, ﬁxed-node, Green’s function, path-integral [74, 76]; Quantum chemistry: conﬁguration–interaction [77, 78];
Many-body: GW [79], coupled-cluster [80].
2. Methods with the second-highest degree of accuracy
• Input: atomic species and their coordinates and symmetry of the structure; eventually pseudopotentials or Hamiltonian parameters for the species considered
• Output: total energy, charge and spin densities, forces on atoms, electron energy
eigenvalues, capability of doing molecular dynamics (Car–Parinello molecular
dynamics of short timescale phenomena <100 ps), phonon spectrum and vibrational modes
• Purpose: accurate calculation of ground state structure by local optimization; calculation of mechanical, magnetic, and optical properties of small clusters and
perfect crystals; estimation of reaction barriers and paths
• Examples: Ab initio methods for normal Fermi liquids systems (one electron theories) based on either Hartree–Fock (chemistry) [75, 77, 78, 81] or Density functional theories (Physics) [82–86].
3. Semi empirical methods
• Input: atomic species and their coordinates; parameters of the interparticle potential, temperature, and parameters of the thermostat or other thermodynamical
variables
• Output of tight-binding (still quantum mechanical): total energy, charge and spin
densities, forces on atoms, particle trajectories (capability of doing molecular
dynamics: timescales of up to 1 ns or more), phonon calculation; and mechanical,
magnetic, and optical properties (approximate) of clusters and crystals
• Output of classical potentials (faster than TB, easily parallelizable): total energy,
forces on atoms, particle trajectories (capability of doing molecular dynamics:
timescales of up to a microsecond), phonon calculation; mechanical properties
(approximate) of large clusters and imperfect crystals (still using periodic boundary
conditions)
• Purpose: search for ground-state structure by genetic algorithms (GA), simulated
annealing (SA), or local optimization if a good guess for the structure is known;
simulation of growth or some reaction mechanisms; calculation of response functions (mostly mechanical or thermal properties) from correlation functions; thermodynamic properties
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• Examples: Semiempirical methods for large systems or long timescales [87, 88];
tight-binding or LCAO (quantum mechanical) [88, 89]; molecular dynamics based
on classical potentials or force ﬁelds [87, 90, 91].
4. Stochastic methods
• Input: parameters of the interparticle potential, temperature, and parameters of
the thermostat or other thermodynamical variables
• Output: statistics of several quantities such as energy, magnetization, atomic displacements, and so forth
• Purpose: investigation of long timescale nonequilibrium phenomena such as transport, growth, diffusion, annealing, and reaction mechanisms and also calculation
of equilibrium quantities and thermodynamic properties (all with approximate and
simple interparticle potentials)
• Examples: Monte Carlo (walk toward equilibrium) [76, 92–94]; kinetic or dynamic
Monte Carlo (growth and other nonequilibrium phenomena) [95–97].
In what follows, we will discuss the two nonquantum methods used to deal with the
dynamics of atoms in nanoscale systems. The ﬁrst part of this report introduces the very
popular Monte Carlo method, which uses random numbers to perform calculations. Monte
Carlo is used in many areas, from the estimation of large-dimensional integrals to generating
thermodynamic ensembles, to compute thermal averages of physical quantities of interest, to
simulation of non-equilibrium phenomena such as growth and computation of distribution
functions out of equilibrium (kinetic Monte Carlo).
The second part concerns the molecular dynamics method, which deals simply with predicting the trajectories of atoms subject to their mutual interactions and eventually an external potential. Some physical quantities of interest such as response functions (viscosity,
elastic moduli, thermal conductivity), thermodynamic quantities (such as the total energy
and heat capacity), or dynamical properties such as phonon spectra can be deduced from
molecular dynamics simulations. Molecular dynamics deals with atomic phenomena at any
timescale from femto- to pico-, nano-, or even microseconds. This section ends with the
introduction of optimization (local and global) techniques. A comparison between the two
methods of Monte Carlo and molecular dynamics in ground state optimization of clusters
can be found in [97].

4.2. Monte Carlo Method and Random Numbers
4.2.1. Generating Random Numbers 98
The basis of Monte Carlo is random numbers. One typically needs to generate random
numbers distributed according to some given distribution function. Let us ﬁrst see how uniformly distributed random numbers can be generated. In general, however, we recommend
the reader use the compiler’s own random, or rather “pseudorandom,” numbers, or subroutines written by professionals. For the sake of completeness, we will brieﬂy mention how
one can generate a set of pseudorandom numbers. The preﬁx “pseudo” is used because the
generated numbers are not really random, and they can be regenerated exactly if the same
initial seed is chosen, and more importantly, the generated set is periodic, but we try to
make the period as large as possible to avoid any correlations among the numbers.
As long as there is no stochastic process occurring in the computer chip, it cannot generate
random numbers. All one can produce are pseudorandom numbers generated according to
some very speciﬁc algorithm. The most widely used algorithm is called the linear congruential
random number generator. The pseudorandom numbers are generated according to the
following rule [98]:
sk+1 = modgsk + c! p

It follows that for all k

0 ≤ sk < p

rk = sk /p

(36)

The numbers rk thus deﬁned are pseudorandomly distributed in [0, 1]. The starting point s0
is called the seed, so that the same set of numbers can be reproduced if one uses the same
seed. The numbers g, c, and p are the generator, increment, and modulus, respectively.

K. Esfarjani and G.A. Mansoori

Statistical Mechanical Modeling and Its Application to Nanosystems
20

Handbook Theor’l & Comp’l NANOTECHNOLOGY X(16): 1–45, 2005
________________________________________________________

The sequence produced in this way is periodic of period p, but one can make the period
very large by choosing appropriate values for the above parameters. The choice of p = 2N
simpliﬁes the mod operation: In the binary representation of a given number, one only needs
to keep the p right most digits. N should be chosen as large as possible: N > 35 would be
a good choice to make the period as large as possible. Usually, N is taken as the number
of bits in the largest positive integer. A large value for g will reduce serial correlations. The
number c must be prime to p; g − 1 should be a multiple of every prime factor of p. In this
case, the period of the sequence would be 2N . One can also chose c = 0; modg! 8 = 3 or
5; and s0 = a large odd number. The period in this case would be 2N −2 .
Generating random numbers in a! b according to the a given distribution function P(x):
Importance Sampling. There are a few ways to tackle this problem. We will mention three
such methods.
For the sake of simplicity, we can mention one simple algorithm that can easily be implemented and used in one dimension. For a given interval
√ [a, b] and a desired number of
random points N , one will ﬁrst divide the interval into N pieces (this number is somehow
arbitrary) and then generate a uniform set of points in each piece, the number of generated
points being


NP xi 

i

P xi 

where xi is a point in the middle of each piece. Clearly, the generated points are distributed
according to P , and they are almost N , in number. It must be noted, however, that the
generated points are strongly correlated in position and need a reshufﬂing before being used.
It is also possible to analytically map the uniform random numbers in [0, 1] to a! b if
the distribution function P x is simple enough. If r is uniform in [0, 1], then we have
pr dr = dr = P x dx ⇒ r =

x
a

P t dt = gx! a

gb! a = 1

(37)

If possible, this relation needs to be inverted to obtain x as a function of r. If r is uniform
in [0, 1], then x will be distributed in a! b according to P .
Yet, for an arbitrarily complicated function P , a third way is to use the well-known
Metropolis algorithm [99]. In this algorithm, one can start from an arbitrary point in [a! b],
say x0 = a + b/2, and add a random number to it, x1 = x0 + d2r − 1, where r is the
random number in [0, 1] and d is the magnitude of the step. If P x1 /P x0  > 1, then the
move is accepted; otherwise the ratio is compared to a random number in [0, 1]. If the ratio
is greater, then the move is accepted; otherwise it is rejected and the old point x0 is kept,
and one starts another trial from this point. There is also the possibility that the generated
points go out of [a! b], in which case, they will be rejected. Compared with the ﬁrst method,
this method is by far less efﬁcient because there will be many rejections. In the following
paragraphs, we will see why this algorithm generates the correct distribution function. In one
dimension, one can see that the efﬁciency of this method depends strongly on the choice of
step size d. With a small d, most trials will be accepted, but a good sampling will require
many trials. If d is large, however, one can sample the [a! b] interval quicker, but there
might be many rejections. In this simple one-dimensional example, d = b − a/10 would be
a reasonable choice.
A more efﬁcient method from Von Neumann, in 1951, consists of considering a function f
[for x in [a! b]; f x > P x] for which one can use method the second above and generate
points distributed according to f (see Fig. 9). Once such a point x is generated in [a! b],
one compares a random number r in [0, 1] to the ratio P x/f x. If r is less than the ratio,
the number x is accepted; otherwise, it is rejected and one repeats the process with another
point x distributed according to f . In particular, the function f can be taken as a constant
larger than the maximum of P .
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Figure 9. Von Neumann algorithm involves selecting two random numbers in [0, 1], the ﬁrst one, distributed
according to f , is the x-coordinate; and the second one, uniform, the y-coordinate between 0 and f x. If it falls
below P x, the point is accepted.

4.2.2. Monte Carlo Integration Method
Standard methods of numerical integration of a function are well known (see, e.g., [100]).
The simplest method is the trapezoidal method, which adds up the function values at equally
separated points and multiplies the result by the width of the intervals. More accurate methods include Simpson’s, which instead of approximating the function by linear segments on
each interval, replaces it by a quadratic function, and an even more sophisticated method
is Gaussian quadrature, where the integral is the weighted sum of the function evaluated
at a certain special points. These methods, although quite accurate in one dimension, soon
become very prohibitive in higher dimensions, as the number of function evaluations grows
as the exponent of the dimension. In this situation too, random numbers can become very
handy.
One can approximate the integral by a sum in which the function is evaluated at random
points:
I=

b
a

f x dx ≈ S =

N
b−a
f xi 
N i=1

(38)

The points xi are randomly and uniformly distributed on the [a! b] interval. As the number of
points N grows, the central limit theorem (CLT) guarantees the convergence
of the sum to
√
the real value of the integral; with the error being on the order of 1/ N . More precisely, the
CLT states that if we repeat this process of generating N random numbers and computing
the above sum S, we generate a set of random variables S. These variables have
√ a Gaussian
distribution of mean I (the real value of the integral) and variance . = v̄/ N , where v̄ is
the mean deviation of b − af x from the mean value I, but we do not know what its
value is. The term v̄ can be estimated by considering the deviation from the mean in a given
sample: the usual standard deviation. Of course, v deﬁned as above is sample-dependent;
one, therefore, can take its average over all the taken samples. The CLT implies that as the
number of samples
√ is increased, the mean obtained from the samples converges to the real
mean I like 1/ m, where m is the number of samples, and the error bar or uncertainty on
the accuracy of the result is reduced. The error may be estimated from the CLT:
I=

b
a

f x dx ≈ S =

N
b−a
f xi  ± b − a
N i=1

f 2  − f 2
N

(39)

where the numerator under the square root may be estimated from the taken sample.
The above method, although converge nt, might not be very efﬁcient. If the function has
large variations in the interval, for instance, f x = e10x in the interval [0, 1], clearly a large
number of points and function evaluations will be “wasted” near 0, where the function is
much smaller (by more than four orders of magnitude). It would be better to sample the
interval in a nonuniform fashion so as to have more points near 1 and fewer points near 0.
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This is what is meant by importance sampling. We choose a nonuniform distribution function
P x according to which points xi will be sampled. The integral can also be written in the
following form:
I=

b
a

f x dx =

b
a

P xf x/P x dx ≈

N
b−a 
f xi /P xi 
N i∈P

(40)

Notice that now the function f /P is integrated on points distributed according to P . The
function P is of course analytically known and normalized to 1. There would be fewer
ﬂuctuations in the integrand f /P if the distribution function P, which we can choose at will,
looks like the original function f . Notice that if we take f = P the problem is solved not
because the integrand is 1, but because we already know the integral of P .
At any rate, the central idea in importance sampling is to choose P so that it looks like
f and therefore f /P does not ﬂuctuate much and the variance of the result is small, or in
other words, the estimate of the integral is accurate, even with a relatively small number of
points. Table 2 shows a comparison of the estimation of the integral using uniform sampling
and importance sampling of the function f x = e10x with a quartic distribution function in
[0, 1]. Note that we preferably want the distribution function P to be nonzero in the regions
in which the function f is nonzero; otherwise, the ratio f /P leads to inﬁnity if a random
point is generated in that region. This is the reason why a small number was added to P x
to avoid divergence near zero.
The error can be estimated in the following way: the mean deviations of the function
from its mean value here is about 5000 (just look at the plot of e10x in [0, 1], but a better
estimate for it can be computed from the deviations from the numerically calculated mean
or integral),
√ so v̄ ≈ 5000 and therefore the error (one standard deviation) is of the order
of 5000/ N for uniform sampling (from the CLT). As for importance sampling, one must
evaluate
the mean standard deviations of the function f /P in [0, 1] and then multiply it by
√
1/ N . We can conclude from the above numerical data that the agreement of the last line
to within six digits is not expected and therefore, is fortuitous. To put the statement of CLT
in mathematical terms:
I=

b
a

P xf x/P x dx ≈ S =

N
b−a 
f xi 
± b − a
N i ∈ P P xi 

f /P 2  − f /P 2
N

(41)

From this formula, it is clear that the error is much reduced if the function f /P has weaker
ﬂuctuations than f itself. Note that for functions f that change sign, as P has to be always
positive, the ratio f /P will always have sign ﬂuctuations, and therefore its variance will never
go to zero even as N goes to inﬁnity. This problem can be overcome only if the roots of f
are known and the integral can be split to sums of integrals over regions in which the sign
of f does not change.
The integration method by Monte Carlo is used to evaluate multidimensional integrals
that appear in the evaluation of the ground-state energy of many-particle systems such as
few electrons in an atom, a molecule, or a quantum dot [74, 76]:
E0 = @H @/@@

@ = F r1 ! r2 !    ! rn 

1
10
Table 2. Results of the integral I = 0 e10x dx = e 10−1 ≈ 22025466
using uniform and importance sampling with P x = 5x4 + 00001.
N

Uniform

Importance

Exact

100
1000
10000
100000
1000000
10000000

2243.5107
2295.6793
2163.6349
2175.3975
2211.7200
2203.8063

2181.7468
2208.6427
2207.1890
2203.7892
2202.8075
2202.5431

2202.5466
2202.5466
2202.5466
2202.5466
2202.5466
2202.5466

(42)
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This method is called variational Monte Carlo. The trial wavefunction contains a few variational parameters. The term @2 is taken as the distribution function, and the integral is
computed by sampling H @/@ for several values of the variational parameter. The energy
is then minimized as a function of the latter. This, as mentioned in the introduction, is the
basis for the most accurate calculations of the ground-state properties of a many-particle
quantum system.
It can also be used to compute the partition function and average the thermodynamic
quantities of a few interacting particles in a ﬁnite box [76]:
3
3
E = NkT +, = NkT + dr1 drN ,r1 !!rN e−'V r1 !!rN 
2
2

dr1 drN e−',r1 !!rN 
(43)

The typical way importance sampling is done in such calculations is to generate a series
of random points distributed according to F 2  in the quantum case and to e−',r1 ! ! rN 
in the classical case. In the former, one then computes an average of the “local energy”
F R/F R; R = r1 ! r2 !    ! rN , and in the latter, just the average of the potenER = H
tial energy ,R.
Notice that this is just a choice, and one could sample the points R in the threedimensional space according to any other distribution function. As said before, the idea is
to sum a function [ER, or ,R in our case], that has as little ﬂuctuation as possible.
So if the above functions still have large ﬂuctuations, one could use another importance
sampling provided that the distribution function is analytically integrable so that the weight
is properly normalized. One way such averages may be done is, for instance, to assume
a simple function W R that “looks like” ,R, at least near its minima, and the exponential of which is integrable [a quadratic function, the harmonic approximation of ,R,
comes naturally to mind]; use sampling points distributed according to e−'W R ; and sample
the function ,Re−',R−W R . However, this same function will sample the denominator
simultaneously,
Z=

dR e−',R =

dR e−',R−W R e−'W R

(44)

so that both numerator and denominator are computed in one shot. The advantage of this
method is that it has also computed the partition function, which might be of use in some
other calculations. Note that instead of Boltzmann distribution, used for macroscopic systems, one can choose any other distribution function, such as Tsallis’s, introduced in the ﬁrst
section, to sample the phase space.
The real difﬁculty in computing integrals accurately, other than the appropriate choice
of the weighting function P , is actually generating random numbers that are distributed
according to P and that are preferably uncorrelated. This would be the subject of the following paragraphs, in which we will make use of the famous Metropolis algorithm, already
mentioned for importance sampling, and the Markov process.

4.2.3. Equilibrium Statistical Mechanics and Monte Carlo
The most widely use of Monte Carlo method has been in solving problems in equilibrium
statistical mechanics (SM) calculations [74, 76, 92–94]. Naturally, both ﬁelds Monte Carlo
and SM deal with statistics and averaging, such as that mentioned in the paragraph on
numerical integration. In equilibrium statistical mechanics, one is interested in generating an
ensemble of states at the thermodynamic equilibrium so that averages of physical properties
can be numerically computed.
The walk toward equilibrium from an arbitrary initial state is done by using a Markov
Process (MP). The same process is then used to generate the ensemble of equilibrium states.
To avoid correlations between the generated states in the ensemble, one must only take
every few of the generated states in order to perform averages, because in a “continuous”
walk, points (states) following one another are correlated.
What we mean by “walk” in this Markovian dynamics is going from one state of the
system to another by some stochastic process. If this walk is done correctly, meaning any
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state is within reach (Ergodicity) provided the walk is continued long enough, then after
reaching some relaxation time, one can perform the statistics. The relaxation time is the
time necessary for the system to reach thermodynamic equilibrium. It should be mentioned
that there is no simple way of ﬁnding the relaxation time in advance. The easiest way is
to let the system evolve once and then from the time series of different physical quantities
estimate the relaxation time.
4.2.3.1. Markov Process The distribution function of the system out of equilibrium usually satisﬁes a time evolution equation also known as the master equation. It describes how
the system jumps from one state to another:


dPi
= Pj Tj→i − Pi Ti→j  ⇒ Pi t + Gt =
Pj t Tj→i
dt
j
j

(45)

Here Ti→j is the transition rate (or probability, if properly normalized) to go from state i at
time t to the state j at time t + Gt. Assuming the states, which are really inﬁnite in number,
to be discrete, one can think of T as a matrix that we also call the transition matrix. The
term Ti→j is the element in line j and column i, and Pi t is, of course, the probability of
ﬁnding the system in the state i at time t. In what follows, in case we need to introduce
the temperature, we will be introducing and using the inverse temperature ' to avoid any
confusion with the transition matrix T .
The transition matrix T follows the sum rule (in units of the time step Gt):

Ti→j = 1
(46)
j

This simply means that the sum of the transition probabilities from a given state i is 1. We
made use of this rule in writing down the second part of Eq. (45), and this form will be used
later.
The matrix T might be known for some systems if the physical processes inducing the
transitions are known. For our purpose, however, which is just to ﬁnd a way to generate
an ensemble of states at equilibrium, we will design this matrix to achieve this goal. If T
is known, we can simulate the time evolution of the distribution function. This will be the
subject of nonequilibrium Monte Carlo simulations that which will be discussed later.
A Markov process is a stochastic process by which one goes from a state i at time t
to a state j at time t + Gt. The corresponding transition matrix must have the following
properties: the transition rate should not depend on the history of the system, and at any
time the transition probability Ti→j is always the same regardless of what state the system was
in at prior time steps; it only depends on the states i and j. To reach the correct equilibrium
state of the system, we require the transition matrix modeling our Markov process to have
additionally the following properties: Ergodicity and Detailed Balance.
Ergodicity, as we mentioned before, means that all states can be reached in principle if
we wait long enough. This is required to guarantee that we will not miss the ground state or
get stock in some local minima and not be able to make the correct statistics at equilibrium.
Detailed balance, however, ensures that the ﬁnal stationary state is the thermodynamic equilibrium state. The stationary state condition is dPi /dt = 0, meaning we can have currents in
and out of a state, but they add up to zero and there is no net ﬂow:
 eq
 eq
dPi
eq
=0⇒
Pj Tj→i =
Pi Ti→j = Pi
dt
j
j

(47)

If we think of the distribution probabilities as an array (or a vector) from the above equation,
we conclude that the equilibrium distribution is the right eigenvector of the transition matrix
with eigenvalue 1. To get rid of the factor Gt, we have chosen the units for time such that
Gt = 1. The time evolution Eq. (1), in its second form, implies that to reach the stationary
state, we need to keep multiplying P by T . The sum rule [Eq. (46)] says that the sum of the
elements in each column of the transition matrix is always equal to 1. Raising this matrix
to “inﬁnite” power will yield a matrix that will have identical columns (we are just stating

K. Esfarjani and G.A. Mansoori

Statistical Mechanical Modeling and Its Application to Nanosystems
Handbook Theor’l & Comp’l NANOTECHNOLOGY X(16): 1–45, 2005
________________________________________________________

25

this property of the transition matrix without proving it). As a consequence, multiplied by
any initial state, we will obtain a state proportional to the columns of T , which is in fact
the equilibrium state. Thus, to obtain the equilibrium probabilities, all one needs to do is to
raise T to high powers, until this process converges. The equilibrium probabilities can then
be read on any of the columns of T .
It is also possible to obtain the relaxation time from the matrix T (now in units of Gt). The
highest eigenvalue, as we said, will be 1, associated with the eigenvector which contains the
equilibrium probabilities. The second-highest eigenvalue is related to the relaxation time.
This can be proven if we work in the basis of the right eigenstates of T . Formally, one may
write the solution to Eq. (45) as: P t = eT −1t P 0. If P(t) is expanded on the right eigenstates of T , its “equilibrium component,” corresponding to the eigenvalue 1, has no time
evolution. The other components, however, will decay to 0 as time goes by, because all other
eigenvalues are real and less than 1. The slowest component is the one corresponding to the
second-largest eigenvalue. The timescale over which this decays to 0 would be −1HI − 1,
where HI is the second-highest eigenvalue of the transition matrix (in units of 1/Gt). Had
we integrated the second form of Eq. (45), we would have found that the relaxation time is
−1/LogHI , which is very close to the above result, as HI is smaller but close to 1.
What is said above is not much of practical use for doing MC simulations. It just illustrates
some of the properties of the transition matrix. If the latter can be estimated or approximated
in some way, then it would be possible to obtain the equilibrium distribution by raising
T to an inﬁnite power, or by just diagonalizing it. In the latter case, one can also get an
estimate of the relaxation time, which contains information on the dynamics of the reactions
occurring in the system. For instance, in an adaptive simulated annealing run (see section
on optimization), where the cooling rate is dictated by a simple equation as

√ 
dT /dt = − vT /$ C

(48)

the relaxation time $, which is −1/Log HI , appears in the denominator. The variable C is
the heat capacity of the system, which can be computed either from the knowledge of the
transition matrix or from the ﬂuctuations in the energy.
Now let us go back to the detailed balance and the form of the transition matrix we would
like to adopt. To make sure detailed balance is satisﬁed and no cyclic motion appears in the
“equilibrium” state, we can impose the following (sufﬁcient but not necessary) microscopic
reversibility relation on T :
Pi Ti→j = Pj Tj→i

(49)

Equation (48) is the celebrated detailed balance condition. It simply says the currents from
i to j cancel the currents from j to i, which is a sufﬁcient condition for being in steady state.
Usually, we know the equilibrium distribution we want to reach. In most instances, we
eq
are dealing with the Boltzmann distribution, where Pi = e−'Ei /Z and Z is the partition
 −'Ei
. One can therefore deduce from the detailed balance condition the
function Z = i e
eq
eq
ratio Ti→j /Tj→i = Pj /Pi = e−'Ej −Ei  .
The last point about sampling using a Markov process is the correlation in the time series.
When performing ensemble averages, data separated by a time larger than the correlation
time should be used. The latter being the time when the autocorrelation function of a given
property A decays to 0.
4.2.3.2. Choice of the Transition Function There are many possible choices for the
transition matrix with the given constraints of detailed balance and ergodicity and the sum
rule of Eq. (46). If one thinks of T as a matrix, if the upper triangular part is known, detailed
balance yields the lower triangular part, and the sum rule makes sure the sum of the elements
in a column is equal to 1, and thus deﬁnes the diagonal elements; ergodicity enforces that
not all elements (other than the diagonal terms) in a row or column are 0; otherwise, one
will never transit to the state corresponding to that row or column. Therefore, once the
upper triangular part is carefully deﬁned, one can obtain all other transition probabilities.

K. Esfarjani and G.A. Mansoori

Statistical Mechanical Modeling and Its Application to Nanosystems
Handbook Theor’l & Comp’l NANOTECHNOLOGY X(16): 1–45, 2005
________________________________________________________

26

The most widely used transition matrix is the one proposed by Metropolis–Rosenbluth–
Rosenbluth–Teller [99]. In this work, the authors used for the ﬁrst time, in 1953, the MC
method to numerically compute the equation of state of a hard-sphere system in two dimensions. In the Metropolis algorithm, the transition probabilities are given by
eq

eq

Ti→j = Min1! Pj /Pi 

(50)

This means the move from state i to state j is accepted if the latter is more probable;
otherwise, it will be accepted with the probability Pj /Pi . In practice, the way this is done is
to pick a random number r in [0, 1]; the move is rejected if r > Pj /Pi , and otherwise it will
be accepted. In case of rejection, one starts from state i and tries another move, and when
doing the statistics, state i is counted again as many times as the moves were rejected.
Although Metropolis sampling of the phase space works for almost any problem, the fact
that there is rejection in the moves makes the algorithm slower, and for any speciﬁc problem,
one can usually devise better and more adapted algorithms. Some of these more advanced
methods will be discussed later. The Monte Carlo method combined with the Metropolis
algorithm was used for the ﬁrst time in 1964 by McMillan [101] to treat a quantum system
by the variational method. Below, we will illustrate the results obtained by this method.
For example, one application of the Monte Carlo method is to, as we said, sample the
phase space and produce an ensemble of equilibrium states at a given temperature T . As
an illustration, we show in Fig. 10 the graphs of the energy ﬂuctuations and distribution
function obtained for a 13-atom cluster of argon atoms interacting via the Lennard–Jones
potential. After some relaxation time, the ground-state conﬁguration, which is an icosahedron, is obtained and averages can be performed after the ground-state structure is reached
(after 20,000 steps in the graph below) to obtain the average energy ET  and the heat
capacity, which can be deduced either from the derivative of E or, even better, from its
ﬂuctuations:
C=

"E
E 2  − E2
=
"T
kB T 2

using the deﬁnition
E = −

" Log Z
"'

Energy

In Figure 11, three conﬁgurations of the cluster at the initial, middle, and ﬁnal steps are
shown.
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Figure 10. The graphs of the energy ﬂuctuations and distribution function obtained for a 13-atom cluster of argon
atoms interacting via the Lennard–Jones potential.
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Figure 11. Three conﬁgurations of the cluster at the initial, middle, and ﬁnal steps respectively.

4.2.3.3. Acceptance Ratios and Choice of the Moves So far, we have not discussed
how to make the moves. If dealing with discrete degrees of freedom such as in the Ising
model, a move could consist of a single spin ﬂip at a time, but this could turn out to be
a very slow process if one is near the Curie temperature where ﬂuctuations are large, and
all such moves, will almost be accepted. Flipping many spins at the same time could also
result in many rejections, especially if the temperature is low. So, depending on the situation
(conditions of temperature or other parameters), different choices need to be made about
making moves in the phase space. A useful concept in this case is the Acceptance Ratio
[74, 96], which says what percentage of tried moves were actually accepted during a given
number of trials. A good rule of thumb for the Metropolis algorithm is that moves should
be chosen such that the acceptance ratio is kept between 20% and 50%.
As we said, we have a choice of how to make the move, irrespective of its acceptance
probability. This freedom in choice can allow one to make moves with high acceptance
probability, and thus have an algorithm that can be more efﬁcient than the simple “blind”
Metropolis. For instance, if one is sampling the canonical ensemble, moving to points with
high energy have a good chance of being rejected. One could instead move to points with
“not so high” energy, with a larger chance of being accepted. This presumes a knowledge of
the local energy landscape. If one has such information, it must be used to have an efﬁcient
sampling. Therefore, although Metropolis works almost for any problem, one can always ﬁnd
a more suitable moving algorithm for the speciﬁc problem at hand, which is more efﬁcient
in terms of sampling the largest part of the phase space in the shortest time and having the
smallest variance.
One such example is the Swendsen–Wang [96, 102] algorithm, which is used near the Curie
temperature. Indeed, at the transition temperature, ﬂuctuations in the magnetization are
large and the correlation length diverges. Therefore, a single spin ﬂip is considered a small
move and is almost always accepted. The idea is to use multiple spin ﬂips, as in a cluster
ﬂip, but one can not consider solid clusters of same spin because they would always keep
their shape. We need, therefore, to connect parallel spins with some probability p. Choosing
the appropriate 0 < p < 1 is the key to this fast algorithm. It can be shown, though we will
not do it here, that the optimal p satisﬁes 1 − p = e−2'J . Clusters constructed with this value
of p will always be ﬂipped (large moves with acceptance ratio = 1), and one obtains a fast
and good sampling of the canonical ensemble even near the Curie temperature.
To conclude, the best choice of algorithm is really problem dependent, and one can not
design one that works well for all problems. Simulation algorithms are still an active ﬁeld of
research.
4.2.3.4. Other Tricks to Improve the Speed, Faster than the Clock Algorithm In the
case of simulation of statistical properties of discrete systems such as an Ising lattice, the
walk toward equilibrium is usually done with single spin ﬂips. In this case, it is not necessary
to recompute the total energy at each step, but just the change resulting from the single ﬂip:


Jij Sj
(51)
GEi = −2 Jij Sj = −2
j

j near i

This is a ﬁnite sum because the exchange integral J is usually short-ranged. All possible
neighboring conﬁgurations can be considered, and all possible energy changes and transition
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probabilities e−'GE can be computed and tabulated once and for all before the Monte Carlo
run, so that in case of need they will only be looked up and not computed every time.
Another way to speed up the Monte Carlo runs is to use the heat bath algorithm [92]. For
a spin chosen at random, one can compute the local probability distribution directly, meaning
the energies of all possible states of the spin, and therefore the Boltzmann probabilities of
being in these states are computed. By generating a single random number r, one can decide
in which “local equilibrium state” the spin will be. If there are m possible states 1 ≤ j ≤ m,
and
j−1
j
m



Pl ≤ r <
Pl
Pl = e−'El
e−'Ei
(52)
l=1

i=1

l=1

Then the state j is chosen as the equilibrium state. This will be done for all spins many
times until the system relaxes to equilibrium, after which, relevant statistics may be done.
The advantage of this method is that the local equilibrium is accessible in one step. The
disadvantage is that updates are still local, and the probability distribution may be difﬁcult
or time-consuming to compute.
There are also what is called faster than the clock algorithms. Instead of trying ﬂips at
every time step and computing transition probabilities (Boltzmann factors), one can compute
how many steps it takes before a ﬂip occurs. Imagine the simple case in which the transition
rate is a constant: The probability of transition between time t and t + Gt is Gt/L. Therefore,
the probability of no transition from 0 to t, and transition between t and t + Gt, is pNGt =
1 − Gt/LN Gt/L, so that the total probability is

N =0

pNGt =



1 − Gt/LN Gt/L = 1

(53)

N =0

To ﬁnd out when the transition occurs, one needs to generate a random number r and ﬁnd
N , for which pNGt > r ≥ pN + 1Gt. This implies
N ≈ LogrL/Gt/Log1 − Gt/L ⇒ t/L = LogGt/L − Log r

(54)

This is called a “faster than the clock” algorithm because you can ﬁnd out the time of
transition and ﬂip the particle before the “natural time” it needs. Another advantage of this
algorithm is that it has no rejection. Furthermore, its output (ﬂipped moves and their times)
can not be distinguished from a Metropolis algorithm. These kinds of algorithms are also
called dynamic Monte Carlo methods [96, 103].

4.2.4. Application of Monte Carlo to Nonequilibrium Problems
The Monte Carlo method can be used for simulating the time evolution of a stochastic system
in which the transition rates are known. Here, in contrast to the previous section, which dealt
with equilibrium, where we could choose the transition rates at will, provided that detailed
balance and ergodicity were preserved, the rates are modeling a real physical phenomenon
and are given in advance. They dictate the dynamics of the system. Typical problems that are
solved using this method are problems of general transport: carrier transport in electronic
devices, for instance, dealing with solving the Boltzmann transport equation [95]; mass transport; and physical reactions such as diffusion, desorption, and adsorption, growth [97, 104],
and so forth.
To the master equation, which represents the time evolution of a distribution function,
one can associate an equation of motion for particles subject to external forces, as well as
a stochastic term (in case of contact with a heat bath). This is the Langevin equation. If
the particles follow this equation, then their distribution function obeys the master equation. Therefore, instead of solving the master equation to ﬁnd the time evolution of the
distribution function, one can consider a set of particles and move them according to the
corresponding Langevin equation and then record the quantities of interest such as total
energy, density, magnetization, current, and so forth as a function of time for statistics purposes, as ultimately, one wants to compute the average of these physical observables.
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For simplicity, we will consider noninteracting particles. In this case, the many-particle
distribution function can be factored into the product of single-particle distribution functions. One can then consider the Langevin equation for a single particle, simulate the time
evolution of the particle, and record averages. For interacting systems, it is also possible
to use mean-ﬁeld theory and do the same factorization. Many particles are moved in the
external plus random ﬁeld, to which one should also add the ﬁeld caused by other particles.
A simple example is the study of transport using the Boltzmann equation. This equation
can be solved in some limits or within some approximations, such as the relaxation time
approximation. The obtained solutions, though not very accurate, can give insight into the
physics of the problem. More accurate solutions can be obtained using the dynamic (also
called kinetic) Monte Carlo method to numerically integrate the master equation (again
by considering a population of particles) as the transition rates involved are not usually
so simple and an analytic treatment is often impossible. We will give below the general
algorithm for ﬁnding the time evolution of the distribution function in a very general and
abstract way, though in practice the way the algorithm is implemented is quite different from
the one stated here. However, it gives the idea of how this should be done in general. For
now, we will not worry about the efﬁciency of such an algorithm.
Consider the master equation [Eq. (1)] with known transition rates:


dPi
Pj Tj→i
= Pj Tj→i − Pi Ti→j  ⇒ Pi t + dt =
dt
j
j

(55)

i = 1!    ! s labels the s different (here discretized) states of the system. For a noninteracting
system, s is just the number of one-particle states. If one is dealing with a particle in a box,
the latter can be discretized into a lattice and s will be the number of lattice sites times
the number of possible momenta, which would depend on a chosen momentum cutoff. You
can see that soon this number becomes very large. For an N -particle system, the number
of possible states is really S = s N , and the state index i is really going from 1 to S. The
state of the system can be thought of as one ﬁlled box among the S available ones. The
initial box i is chosen at random; then the particle is moved from this box to another one
according to the transition rules deﬁned by Ti→j . If the transition matrix (S × S) is known
and calculated at the beginning only once (which is not true for an interacting system in
which the transition rates might depend on the present state density) of the system, in which
case this matrix must be updated at every time step), then the state at the next time step
is simply obtained by choosing a random number 0 < r < 1 and seeing to which transition
i → j it corresponds. The state j is chosen as the next step if
j−1

l=1

Ti→l ≤ r <

j

l=1

Ti→l

since

S

l=1

Ti→l = 1

(56)

This process can be iterated on the jth column and so on until the equilibrium is reached and
statistics can be performed. It has no rejection: Each moving step does not correspond to any
physical time step, as some of the chosen rates are large and some others small. Furthermore,
physical parameters of the system such as temperature are included in the transition rates.
Now, in general, for a real system, many of the transitions are very improbable or simply
impossible, and therefore the T matrix has a majority of zeros, not considering the fact that
its size is huge.
This algorithm, although very general and straightforward, is impractial in most cases
because of the large number of states the system can have. It can be reﬁned, however, in
many cases. In most practical cases, a set of particles is assumed and moved according to the
Langevin equation corresponding to the master equation. From their trajectories after the
relaxation time has passed, the steady-state distribution function and other averages can be
computed. The short time-equilibration process may also be observed and may turn out to
be useful in such simulations. This method, also called kinetic Monte Carlo, is also used to
investigate diffusion and growth processes that take too long to be simulated by molecular
dynamics methods.
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Consider a population of N interacting particles subject to external ﬁelds and undergoing
scattering and diffusion processes of known rates. External and mean ﬁelds come in the left
side of the master equation, where a time derivative is present, such as in the Boltzmann
equation. Scattering and diffusion processes come in the right side of the master equation,
where transition rates are present. Assume that there are i = 1! 2!    ! p types of different
processes, each with a given rate wi .
For a noninteracting system, one can only consider one particle and decide by using a
random number which process it will undergo: if 0 < r < 1 is random, and
j−1
j
1
1
wi ≤ r <
w
z i=0
z i=0 i

where
z=

p

i=1

wi + w 0

then the process wj is chosen. The rate w0 is a ﬁctitious rate called the “self-scattering” rate
to allow the computation of “free ﬂight” or “waiting” time of the particle. For more details,
see the book by Singh and references therein [95], which discusses the Monte Carlo method
in transport in semiconductors. (If the process w0 is selected, then there is no scattering
at all.)
The particle is then scattered according to this process into some other state, which might
also require a random number to be selected. Next, one has to ﬁnd out how long it takes
before the particle undergoes the next scattering. This time depends clearly on the present
scattering rates. As explained in a simple example before, the waiting time is calculated
according to
 p

wi
T = − ln r
i=0

where again r is random in [0, 1]. This amounts to advancing the “physical clock” by T ,
whereas the “simulation clock” is only incremented by 1. Again, a new scattering process
must be chosen at random. This needs to be done for a long time on a single particle, and
then ensemble averages are replaced by time averages. If large amounts of memory and a
small number of states are available, one can compute and tabulate all the scattering rates
in advance, store them, and just look them up as needed.
For interacting particles, one can map to a similar problem as that just mentioned. Instead
of p processes, we now have Np processes. One of these processes must be picked at
random. This is equivalent to picking a particle and a process at random. Let it scatter and
update the state of the system (potentials and forces). In this case, the scattering rates may
need to be computed as one goes on, and they cannot be tabulated because they depend on
the state of the system. This method suffers, however, from the approximation in which all
particles are not moved at the same time. However, it can still be reasonable as the total rate,
the denominator z, is now much larger, and therefore the free ﬂight time becomes much
smaller—by a factor of N to be more precise. This calculation soon becomes prohibitive as
the number of particles is increased as the needed CPU becomes proportional to N . An
alternative in this case is to adopt the idea of molecular dynamics, and ﬁx the time step Gt
such that it is at least an order inferior to the smallest timescale (or largest transition rate),
and to move all particles at the same time. As the term wGt is generally small, most of the
time particles will have a “free ﬂight” according to the external and mean ﬁeld potentials.
The way scatterings are decided at each time step is to pick a random number in [0, 1], and
make the following comparison:
j−1

i=1

Gt wi ≤ r <

j

i=1

Gt wi
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Note that the index I starts from 1: One only considers physical processes. Because Gt wi is
chosen to be small, scattering events do not occur very often. There might be other methods
to handle the interacting problem of which the authors are not aware.

4.3. Molecular Dynamics Method
Atoms in a solid or a cluster, except for hydrogen and helium, which have a relatively small
mass, are considered classical
√ objects. Indeed, their thermal wavelength at temperature T is
O = h2 /2)mkB T 1/2 = 1/ MÅ, where M is expressed in units of proton mass. For hydrogen, this is 1 Å, and for carbon less than 0.3 Å at 300 K (at zero temperature, one must
consider the energy of the particle instead of kB T ). One needs to compare this length to the
size of the atom to decide whether or not to treat it classically. Therefore, for small atoms,
the zero-point quantum motion is important, but for larger ones it is often neglected, and we
use the classical Newtonian equations to describe their motion. Molecular dynamics is the
method to numerically integrate the classical equations of motion and to deduce atomic trajectories over some ﬁnite timescale on the order of nano- or microseconds at the most. From
the trajectories, one obtains information about the dynamics of the atoms and can visualize
a reaction or compute the mechanical and thermodynamic properties of a given system.

4.3.1. Boundary Conditions
To treat solids or bulk materials, to avoid surface effects resulting fro a ﬁnite size of the
system one is simulating, the particles are put in a box with periodic boundary conditions
(for free clusters, however, one uses the free-, or no-boundary conditions). That means if
they move out of the box from one side, we put them back in from the other side of the
box. The way this is usually done to avoid using IF statements is as follows (this example is
in FORTRAN language):
Xi = Xi − box ∗ anintXi/box
where the anint(x) function picks the nearest integer to x. This operation ensures that the
particle coordinate remains in [−box/2, box/2]. In this way, the bulk system is replaced by
a periodic crystal with atoms moving exactly in the same manner in all the unit cells. One
important issue to consider, therefore, is fully handling the effect of long-range forces coming
from particles in the neighboring boxes. Typical examples are systems with ionic bonding
such as biological or organic molecules, or with van der Waals interactions. If particles are
charged because of the ionic nature of the bonds, then long-range Coulomb interaction is
present between the particles. The standard technique to handle this problem using the
Ewald sum method, attributed originally to Ewald for summing the 1/R potential in three
dimensions. However, it can be generalized to 1/Rn in any dimension provided that the sums
are convergent [84]. Other methods that calculate the multipole moments of the potential
for atoms situated far way are also used.
van der Waals interactions, which are usually of the Lennard–Jones type, have algebraic
decay, but in practice they are truncated by using a cutoff distance and a shift:
W r = ,r − ,Rcut
W r = 0
r > Rcut

r < Rcut

(57)

4.3.2. Computational Load and Neighbor Lists
The number of operations for calculating the force on a particle is in principle proportional
to the number of particles. Therefore, in general, the tasks of computing all the forces at
every time step is on the of order N 2 . In practice, because of screening, each particle only
sees the force caused by its neighbors, and the task of computing all the forces becomes
ON . Exceptions are long-range forces such as coulomb forces. In practice, many efforts,
however complicated, are made to have an order N algorithm, in which case, it is always
useful and necessary to have a neighbor list. Making a neighbor list is itself unavoidably
ON 2 , but it needs to be done only at the beginning of the run. However, every few time
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steps, it needs to be updated if one is simulating a liquid, though this task itself is ON 
because one only needs to check which particles in the “second neighbor shells” entered the
neighbor list of the considered atom. For this reason, to create a neighbor list, one needs
to use a larger cutoff than that of the forces; typically, one can take as the cutoff distance
of the neighbor list R = Rcut + nGt vmax , where n is the number of steps after which the
neighbor list is updated.

4.3.3. Long-Range Forces and Particle–Mesh Methods
For Coulomb or gravitational forces that are long ranged, the task of computing forces is
ON 2 . To make this task lighter, one can use what is called a particle–mesh method: The
space is discretized and the potential energy is calculated and represented on a grid. If M
is the number of grid points, the computation of the potential is ONM because it can be
ﬁrst calculated in the Fourier space and then Fourier transformed (FFTd) back in the real
space as follows: for each q = 1!    ! M,
,q =

N

4)
i=1

q2

eiqRi

F q =

N

4)
i=1

q2

iq eiqRi

(58)

where Ri is the position of the particle i and we have used the Fourier transform of the
Coulomb potential. The computation of ,q for all q is an OMN  task, and its FFT is
OM Log M. Once the forces are known on all grid points, an interpolation can give their
value at the actual particle positions. This treatment assumes that the potential resulting
from to Coulomb interactions, or whatever long-range interaction we have, is a smooth
function; in effect, a ﬁeld.
It is also possible to assign the charges on each grid point and to avoid altogether the sum
over particles i = 1! N , and then solve a Poisson equation. Charge assignment to a grid may
be done by adding up the charges in the volume around that grid point. With free boundary
conditions such as a gravitational problem, one can directly solve Poisson equation real
space; discretized on a mesh of size M, it is equivalent to solving a linear system problem,
which is OM 2 . With periodic boundary conditions, one may use the FFT to solve Poisson.
Two FFTs that are OM Log M are needed to obtain the potential in the real space. The
general algorithm may be summarized as follows:
1.
2.
3.
4.
5.
6.

Discretize the space
To each grid point assign a charge
Solve Poisson to get potential and forces
Interpolate forces at the particle positions
Integrate the equations of motion for particles
The new particle positions are found; GOTO 2

The interpolation scheme could be tricky: If charges are calculated so that they change
continuously as particles move from one cell to another, the computational load would
increase, but calculations would be more accurate. To compute forces more accurately, it
is possible to subtract explicitly the contribution of neighboring cells and to add exactly
the contribution of the particles in those cells (additional short-range forces are, of course,
calculated exactly). For more details, the reader can refer to the book Computer Simulations
Using Particles by Hockney and Eastwood [105]. A good reference book, though not very
modern, on the subject of molecular dynamics is Computer Simulation of Liquids by Allen
and Tildesley [87].

4.3.4. Update Algorithms
The particles, assumed to be like a point, are moved according to the Newton’s equation of
motion:
d 2 r
(59)
mi 2i = Fi
dt
where the force Fi is coming from any external ﬁeld plus the interparticle interactions.
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This simple form of the equations is for an isolated system that has total energy and total
momentum conserving. In statistical mechanical terms, we are performing a microcanonical
simulation. We will see later how to include the effect of a thermostat (heat bath) for
canonical simulations in the equations of motion.

4.3.5. Verlet Method
To numerically integrate the equations of motion, one needs to discretize the time and, by
using a Taylor expansion, write the position at a later time step as a function of the present
position, velocity, acceleration, and eventually, higher derivatives.
Gt3
Gt2
at +
bt + OGt 4 
2
6
Gt2
vt + Gt = vt + Gt at +
bt + OGt 3 
2

rt + Gt = rt + Gt vt +

(60)

Because the equations of motion are second order, we need two initial conditions to start
the integration. Usually the positions and velocities are given. It is then possible to also
compute the forces acting on atoms at time t = 0 and to use the ﬁrst three terms of the
above equation to update the position, and the ﬁrst two terms to update the velocity. The
acceleration, being proportional to the force, can be computed exactly at every time step.
The third-order term bt or higher can not be computed (other than from ﬁnite differences
of accelerations), and we have no use for them in the simulation. From the above equations,
we see then that the error in v is second order in Gt, and the error in r is third-order in
Gt, and if Gt is not chosen carefully, the trajectories might diverge very soon from their true
path. Thus, we need algorithms to reduce the error in the time integration while keeping as
large a Gt as possible. The simplest way is to expand the position at t − Gt as a power series
in position, velocity, and acceleration at time t, and to add the two equations to obtain the
position at t + Gt and subtract them to obtain the velocity at t:
rt + Gt = 2rt − rt − Gt + Gt2 at + OGt 4 
vt = rt + Gt − rt − Gt/2Gt + OGt 2 

(61)

This method, originally attributed to Verlet, works better, but it can also become inaccurate
because of round-off errors coming from subtraction of two large numbers the and addition
of a small number of the order of Gt 2 . A better method is the Leap-Frog method from
Hockney.
In this method, the velocities are calculated at nGt + Gt/2; that is, at half steps between
the positions, whereas positions and accelerations are computed at multiples of Gt. This
could also be a problem at the start of the run, but assuming we are given vt − Gt/2 and
rt, we can ﬁrst compute at, and then the velocity is computed Gt seconds later, and next
the position at t + Gt:




Gt
Gt
=v t−
+ Gt at
v t+
2
2
(62)


Gt
rt + Gt = rt + Gt v t +
2
Note that if we have periodic boundary conditions, and at t + Gt the particle moves to the
other side of the box, the simple Verlet algorithm will not give the correct velocity, but the
Leap-Frog method does. Errors in Leap-Frog are on the order of Gt 2 , but the algorithm is
more stable than Verlet.
Yet a better and more widely used method is called the velocity–Verlet (VV) algorithm.
Here, all positions, velocities, and accelerations are computed at multiples of Gt. First the
position is updated according to the usual equations of motion, then the acceleration is
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computed at that position, and then the velocity is computed from the average of the two
accelerations (particles moving out of the box cause no problem with this algorithm):
rt + Gt = rt + Gt vt +

Gt2
at
2

(63)
Gt
vt + Gt = vt +
at + Gt + at
2
All a! v! r need to be stored in this method, but in terms of stability, this algorithm is superior
to the two others because it is based on an implicit method: the velocity at t + Gt is computed
from the acceleration at t and at t + Gt. Stability means it allows us to take a larger Gt to
update positions. That means that with fewer steps, we can run longer simulations. As it is,
after the update of the accelerations, the old accelerations are also needed. That makes 4N
dimensional arrays to be stored instead of 3N (N being the number of degrees of freedom,
or three times the number of particles in three dimensions). The way VV is implemented to
save memory is to update ﬁrst the velocities Gt/2 step later:
vt + Gt/2 = vt + atGt/2

(64)

rt + Gt = rt + Gt vt + Gt/2

(65)

then positions are updated:

and ﬁnally, from the new positions, new accelerations at + Gt are calculated and velocities
are updated according to:
vt + Gt = vt + Gt/2 + at + GtGt/2

(66)

If memory is no objection, then this two-step update of velocities is unnecessary, and one
can just use Eq. (63).

4.3.6. The Predictor-Corrector Method 106
To obtain more accurate trajectories with the same time step, or to be able to use larger
time steps, one can use a higher order method called predictor–corrector (PC). Assuming
that the trajectories are smooth functions of time, in this method, the information on the
positions two or three previous time steps ago is also used. First the positions, velocities,
and accelerations are predicted at t + Gt from the ﬁnite difference formula up to order n in
principle. Below we show the third-order formula:
Gt2
Gt3
at +
bt + OGt 4 
2
6
Gt2
vP t + Gt = vt + Gt at +
bt + OGt 3 
2
aP t + Gt = at + Gt bt + OGt 2 
r P t + Gt = rt + Gt vt +

(67)

After the position is predicted at t + Gt, however, we can compute the actual correct acceleration at that time aC . The error we have made in predicting the acceleration from the
above formula is Ga = aC − aP . Using a perturbative idea, one can argue that the error on
the predicted positions and velocities is also proportional to Ga, and hence, we can correct
for that error:
r C t + Gt = r P t + Gt + c0 Ga
vC t + Gt = vP t + Gt + c1 Ga

(68)

aC t + Gt = aP t + Gt + c2 Ga
where c2 = 1, and the other coefﬁcients may be determined, as Gear has done it [106],
to achieve highest accuracy. In a third-order method, c0 = 0, c1 = 1, and c2 = 1, and in a
fourth-order method, c0 = 1/6, c1 = 5/6, c2 = 1, and c3 = 1/3. Higher-order methods can
also be used, but they require more memory and can consume more CPU power without
considerably improving the accuracy [87].
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4.3.7. How Should One Determine t?
The important parameter in a MD simulation is Gt. In a microcanonical simulation, the total
energy of the system must be conserved. If Gt is too large, steps might become too large,
and the particle may enter the classically forbidden region in which the potential energy is
an increasing function. This will occur when two particles collide or when a particle hits the
“wall” imposed by the external potential. Entering the classically forbidden region means that
the new potential energy has become higher than the maximal value it is allowed to have. In
this case, the total energy has increased, and this phenomenon keeps occurring for large step
sizes until the total energy diverges. So, depending on the available total energy, Gt should
be chosen small enough so that the total energy remains constant at all times, but not too
small that it takes a large number of steps to perform the simulation. The optimal value of
Gt is usually found by trial and error. 1 femto second is a good trial guess, but the optimal
value really depends on the initial energy and the kind of potential one is dealing with.

4.3.8. Systems in Contact with a Heat Bath: Thermostats
In canonical simulations, the total energy is not a conserved quantity, rather, the temperature
T is a constant, and particles exchange energy with a heat bath external to the system, so that
the kinetic energy per particle remains 3kB T /2 on average. Modeling this energy exchange
mechanism can be done in many ways:
4.3.8.1. Velocity Scaling Because the average kinetic energy is 3kB T /2 per particle, one
can simply force the total kinetic energy to be 3NkB T /2 at all times, and therefore multiply
all velocities by a scale factor to make the kinetic energy equal to this number. This is the
simplest way that contact with a heat bath at T can be modeled, but one may argue that it
is not very physical because the kinetic energy is a ﬂuctuating quantity, and only its average
is 3NkB T /2.
If one is simulating rigid molecule with more than three degrees of freedom per particle
that is formed of two or several atoms, the equipartition theorem must be applied carefully.
One has 3kB T /2 for the translation of the center of mass and 3kB T /2 for the rotation
around the center of mass (kB T only for diatomic molecules). The kinetic energy of 3kB T
(or 5kB T /2 for diatomic molecules) must be shared by all the atoms in the molecule. Even
if the assumption of rigidity is absent, velocities must be scaled such that the center of mass
has kinetic energy of 3kB T /2 + 3kB T /2 for rotations and translations, and 3N − 2kB T /2
for the vibrational (internal) degrees of freedom. It means that velocities of the particles
need to be decomposed to center of mass + relative velocity. Then each component should
be separately scaled and then added back to obtain the absolute speed of the particles.
4.3.8.2. Nose–Hoover Thermostat 107 108 There is a single degree of freedom Q for
the Nose–Hoover thermostat, which is interacting with the particles. The particle Lagrangian
is modiﬁed to also include the thermostat. One can then deduce the coupled equations of
motions for the particles and thermostat. This time the Helmholtz free energy of the whole
system of particles + thermostat is a conserved quantity. The equations of motion in this
scheme are:
F
d r
d 2 ri
= i − Q˙ i
2
dt
mi
dt
1
d Q˙
= 2
dt
L


i=1! N

mi vi2 /fkB T 

(69)
−1

where f is the total number of degrees of freedom, and L is a free parameter modeling the
strength of the coupling of the system to the thermostat. A small value of L yields a large
derivative for Q˙ and hence a large additional friction force in the motion of the particles.
Small L then means strong coupling to thermostat. The term L has the dimensions of a time
and can thus can be called a “relaxation time.” It can be taken to be about 1 ps, but again,
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its value should be adjusted depending on how and what damping process one desires to
model. The Hamiltonian from which these equations of motion can be derived is


1

1 2 ˙2
H=
mi vi2 +
L Q + Q fkB T
vrij  +
2
2
i
i<j
One can adjust Gt so that the above Hamiltonian is a conserved quantity. Note that if the
total kinetic energy per particle is just 3kB T /2, then Q˙ is a constant that we can set initially
to be 0. If the term in parentheses is positive, meaning that there is too much kinetic energy,
then Q˙ increases to become positive and there is a friction force that slows down the particles,
and if that term is negative, Q˙ decreases to a negative value and pushes the particles further
along their momentum so as to increase their kinetic energy. One can see that this coupling
tries to keep the kinetic energy of the particles around 3NkB T /2.
This thermostat can be used for a NVT canonical simulation. If one wishes to perform an
NPT simulation with a variable box volume V t but constant pressure P0 , it is also possible
to add an additional “barostat” degree of freedom coupled to the system. The resulting
equations are
dr
= vt + Rt rt − R0 
dt
dv
F
=
− Rt + St vt
dt
m
dS
1 
= 2
mi vi2 /fkB T − 1
(70)
dt
L
T

i=1! N

dR
P − P0  V t
=
dt
LP2 NkB T
dV
= 3Rt V t
dt
where LP is the pressure relaxation time, P0 is the target pressure, R0 the center of mass coordinate, and V the system volume. In this case, the Gibbs free energy G is conserved, where
GNP T = UN V T + P0 V t + fkB T Lp2 R2 t/2, as proposed by Melchionna and coworkers [109].
4.3.8.3. Langevin Thermostat Yet a third method of exchanging energy with the particles is using the Langevin thermostat. Again the particles trajectories are modiﬁed by two
additional forces: a friction force and a random force of time average 0, with white noise of
magnitude 2mkB T /L Gt per degree of freedom:
m

m dx
d2 x
= Fx −
+f
dt 2
L dt

f  = 0

f tf t   = t − t   2mkB T /L

(71)

Note that when implementing the algorithm, the Dirac delta function is replaced in the
magnitude calculation by 1/Gt. So, in practice, one generates random numbers with Gaussian
distribution of mean 0 and variance 2mkB T /L Gt for each direction of the force. One simple
way of generating random numbers of Gaussian distribution is the
√ following [87]: generate
−2 ln a cos 2)b and B =
two random
numbers
a
and
b
in
[0,
1];
calculate
A
=
M
+
.
√
M + . −2 ln a sin 2)b. The numbers A and B have a Gaussian distribution of mean M and
variance .. In this thermostat, L is the relaxation time and represents the mean collision time
between the real particles of the system and some ﬁctitious particles that collide at random
with them. This thermostat could be interesting because it physically models some stochastic
collisions with virtual particles. It can be shown that particles following this dynamic will
have an average kinetic energy of 3kB T /2 per particle in three dimensions. The collision
rate 1/L models the strength of the interaction with the thermostat. Large L means weak
friction and weak random force; that is, weak interaction with the bath as particles do not
collide so often with the bath particles. A reasonable value for L would be about 1000 time
steps Gt; it must be adjusted based on the kind of thermal contact one wants to model.
Again, some trial and error is necessary to adjust this parameter. In Figs. 12 and 13, we can
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Kinetic Energy at T = 0.04
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Tau = 100 dt
Tau = 1000 dt
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Figure 12. Time evolution of the kinetic energy of a 13-atom argon cluster for three different relaxation times
L = 100 Gt, 1000 Gt, and 10,000 Gt. It can clearly be seen that the blue curve corresponding to 10,000 dt relaxes
to the value 0.06 after about 10,000 or more steps, and the green curve needs about 3000 steps to relax.

see the evolution of the kinetic energy to 3kB T /2 as a function of time for several values of
the relaxation time. The initial conﬁguration is a deformed 13-atom cluster of icosahedral
shape. Three values were chosen for this illustration.
The Langevin thermostat with a small relaxation time would also be a useful tool for
performing structural relaxations. Indeed, the particles move along the steepest descent
direction (i.e., along the forces) but are also given some random momentum to escape
eventual potential barriers. A small value of L would be better in relaxation calculations,
and it can eventually be increased toward the end of the run. It is also possible to lower the
temperature towards the end of the run, just as is done in simulated annealing (see later
sections regarding optimization techniques).

4.3.9. Response Functions
From the trajectory of the particles, it is possible to obtain the autocorrelation function of
the positions, velocities, or energy ﬂow (particle energy times its velocity). They respectively
yield the structure factor, which can be compared directly to experiments, the diffusion
coefﬁcient in the case of ﬂuids (and the elastic constants or phonon frequencies in the case
of solids), and the thermal conductivity. This is one powerful application of the MD method.
It is not just about making an animation and seeing how things move, one can also compute
and predict physical properties quantitatively. For a dynamical observable Si t, associated
0
Potential Energy
Total Energy
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Figure 13. Evolution of the total and potential energy of a 13-atom argon cluster at T = 008. After about 200,000
steps.
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with every particle i, the autocorrelation function and its FFT are deﬁned as
F L =
=
FH =

N 

1 
Si L − Si Si 0 − Si 
N i=1

1
T

1  
Si t + L − Si Si t − Si  dt
0 N i



=
H − HI cI 2
F LeiHL dL
T

(72)

I

where the ensemble average in the second equation is replaced by the time average which
needs to be performed on a long timescale T . The third line is only valid in the case in which
the quantity Si t oscillates about its equilibrium or average value. One will then observe
peaks in the FTT of the autocorrelation function corresponding to the eigenfrequencies of
the system. Examples are phonon frequencies if Si t is the displacement vector of atom i,
or magnon frequencies if Si t is the magnetization vector for each atom. The function F
can also be written as a function of the FTT of the function S for nonzero frequencies:
2
 S−H


FH = SH
= SH
. It can, therefore, more simply be obtained from the square
of the FTT of S. The advantage is that the result will always be positive, and only a single
FFT is required to ﬁnd the answer.

4.3.10. Search for the Ground State of a System: Energy Minimization
The other important application of the molecular dynamics method is in calculating the
ground-state structure of molecules and clusters. Nowadays, many such calculations are performed on very large organic molecules such as proteins and DNA to understand their folding and unfolding mechanisms and some of the reactions that take place on small timescales.
In fact, some of these reactions may occur in milliseconds up to seconds, and with today’s
computers it is impossible to run such long timescales (remember that a typical molecular
dynamics time step is on the order of a femtosecond). The structure of the grains in granular
materials, or clusters adsorbed on surfaces, or simply in the gas phase is also of importance
for obvious technological reasons.
4.3.10.1. Local Optimization Methods The simplest of the optimization methods, which
may date to two centuries back or even more, as they carry Newton’s name, deal with local
optimization. A particle is inside a not-necessarily-harmonic well in an N -dimensional space
(N being the number of degrees of freedom typically equal to three times the number of
particles), and we would like to go to the minimum of that well by using some dynamics, not
necessarily Newtonian, as fast as possible. The landscape is deﬁned by the “cost function”
Ex, which, in our case of interest, is the potential energy of the system.
Steepest Descent The simplest way that comes to mind to achieve this minimum is just
to move along the force applied on the particle. This is called the steepest descent (SD)
method because the force is minus the gradient of the potential energy that we want to
minimize. The simple algorithm is as follows:
xt + Gt = xt + I f xt

(73)

where I is a positive constant coefﬁcient, and f x = −TEx is the force acting on the
particle at x. Here one has to think of x and f as N -dimensional arrays, and the time is really
discretized and represents the minimization step. It is better to write this as mathematicians
do: xi + 1 = xi + I f xi (i is the iteration number). This method surely works because
at each step the potential energy is lowered, but its convergence is often too slow. One may
also adopt damped Newtonian dynamics, which also fall in the category of the SD and is not
any faster than SD. These methods could be very slow, as the well is very anisotropic. The
particle will keep oscillating around the valley that leads down to the minimum, and it can
take many steps before reaching it.
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Conjugate Gradients A more intelligent method is called the conjugate gradients (CG).
This method will ﬁnd the minimum of the anisotropic valley much faster than SD. In principle, it ﬁnds the minimum of a quadratic function in N dimensions in exactly N line minimization steps. Provided that one is near the minimum, the convergence to the minimum is
almost as fast because the function is “almost quadratic.”
For the sake of completeness and brevity we will just mention the algorithm to implement
and will bypass its explanation. Interested readers can consult specialized books on the
subject [100].
1. Perform a line minimization along the steepest descent direction; ﬁnd I such that
x1 = x0 + I f 0 minimizes the energy [Assuming c0 = f 0].
2. Calculate the next SD direction f i + 1 = −TExi + 1
2
3. Calculate the conjugate direction ci + 1 = f i + 1 + bi ci where bi = ffi+1
i2
4. Update x by doing a line minimization: xi + 1 = xi + Ii ci (this deﬁnes Ii )
5. Go to line 2 until the calculation converges.
Quasi-Newton Method Newton’s method is an algorithm to ﬁnd the zero of a function f
in one dimension. The iterative process is as follows:
xi + 1 = xi − f xi/f  xi

(74)

In our minimization problem, we are also looking for the zero of the force vector. That
is where the minimum is. This method can easily be generalized to N dimensions. The
only difference is that the derivative of the vector f , the Hessian, becomes an N × N
matrix, and furthermore, it needs to be inverted and then multiplied by the force vector.
This computation is very difﬁcult and computationally demanding. The computation of the
matrix elements of the Hessian is very time consuming and complicated, and its inversion is
also a very CPU intensive task. One resorts, therefore, to quasi-Newton methods that try to
approximate the Hessian as the iterations proceed. These methods only need the forces (or
gradients of the potential energy) as input, start with the steepest descent that approximates
the Hessian by the identity matrix times a constant, and at each step, using the information
on all previous forces and positions, improve their guess of the inverse Hessian matrix. This
is also known as Broyden’s method because he was the ﬁrst to propose such a method.
Again, we will just mention the algorithm to implement [110, 111]:
Step 1: x2 = x1 − I f 1
Step i: xi + 1 = xi − I f i −

i

j=2

ujvj  f i

where
uj = −I f j − f j − 1 + xj − xj − 1 −

j−1


ulvl  f j − f j − 1

l=2

and
vj =

f j − f j − 1
f j − f j − 1  f j − f j − 1

(75)

all these quantities except for I, which is just the magnitude of the ﬁrst step along the SD
direction, are to be interpreted as vectors, and the bracket f  g notation is just the dot
product of these vectors. The index i! j, or l in parentheses is the iteration number and not
the component of these vectors.
This method has been proven to be very useful in relaxing systems provided the starting
point is close enough to the local minimum. There is some freedom with the step size I,
which needs to be adjusted by trial and error. In addition to optimizations, Broyden’s method
 = 0.
can of course be used to solve a set of nonlinear equations fx
4.3.10.2. Global Optimization Methods A much more challenging task is to ﬁnd the
global minimum of a multivalley energy landscape. Below, we will mention brieﬂy two of the
most widely used methods in the ﬁeld of structure optimization of clusters.
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Simulated Annealing Simulated annealing (SA) is how metallurgists experimentally reach
the ground state of their sample: by annealing it. The sample is put in an oven at high
temperature for a long time so that energy barriers can be overcome and the system will
hopefully ﬁnd the lowest-energy structure. It can be shown that if the cooling rate of the
sample is low enough, the ground state is always reached at the end. The implementation
of this method was ﬁrst proposed by Kirkpatrick et al. [112].
In simulations, again, it does not matter what dynamics is followed to cross the barriers—
one could use Newtonian dynamics along with the Langevin thermostat for example—but
this is not the only choice. One can also make moves at random and perform a Monte
Carlo walk according to the Metropolis algorithm, for instance. The cooling schedule is quite
important in this problem. Either the user ﬁnds it by trial and error, or one can use an
adaptive algorithm as proposed by Andersen and Gordon [113]. Simple cooling schedules
can be linear, stepwise, or exponential. In the adaptive simulated annealing (ASA) method,
the temperature evolves according to:
√
dT /dt = −vT /$ C
(76)
In this equation T is the temperature, t is time, v is the velocity of annealing (just a constant
coefﬁcient controlling the overall cooling rate), C is the heat capacity, and $ is the relaxation
time coming from the second largest eigenvalue of the transition matrix (see the corresponding chapter on Monte Calo methods) $ = −LogH2  ≈ 1 − H2 . To construct the transition
matrix, one can use a simple model and classify states according to their energy. First some
energy range is deﬁned within which the total energy of the system is ﬂuctuating. This energy
interval is then divided into M equal parts (M could be on the order of 100 or even more).
Each interval corresponds to one state, meaning that if the energy of the system is between
Ei and Ei+1 , we say the system is in the state i (i = 1! M).
Now we let the system evolve at the temperature T according to some dynamics, be
they Langevin dynamics or a Markov process deﬁned by the Metropolis algorithm, or even
Newtonian dynamics. During some time steps P , say of the order of P = 1000 (this really
depends on the size of the system and the complexity of the energy landscape; larger or
more complex systems require a larger number of steps), we record the energy of the system
and increment the matrix element (i! j) of the transition matrix by one unit every time the
system goes from state i to state j. If the energy remains in the same interval j, the (j! j)
element must of course be incremented by 1. At the end, the elements of each column are
rescaled so that their sum is equal to 1. This is the sum rule we mentioned in the chapter on
Monte Carlo. One now needs to diagonalize this matrix. Its highest eigenvalue must be 1,
and the corresponding eigenvector contains the equilibrium probabilities for the system to
be in each of the M states. From the second eigenvalue, one obtains the relaxation time $.
The heat capacity may be found from the ﬂuctuations in the energy during these P steps
run: C = E 2  − E2 /kB T 2 .
Now that all the elements of the cooling
equation are known, one can update the tem√
perature according to T = T − vT /$ C, rerun the dynamics for another P steps, collect
statistics to calculate C and the new transition matrix, and then recalculate the temperature
and so on, until it reaches a desired (low) value.
Genetic Algorithms The idea in all global optimization problems is to sample the phase
space as quickly and as completely as possible. One can do it by molecular dynamics, but
it will obviously take a huge number of steps, and even then many barriers might never
be crossed. It is also possible to use a Markov process driven by Metropolis (sampling the
equilibrium conﬁgurations at temperature T ). Yet another way is to use genetic algorithms
(GA) [114]. They are based on concepts coming from genetics and the survival of the ﬁttest
idea; being ﬁt meaning having a lower energy. Genes represent the identity of the individuals.
In our case, individuals are clusters, and their genes are their coordinates. In GA, individuals
are mated among themselves and their genes may also mutate, and this way, one obtains a
new generation of individuals selected based on their ﬁtness (potential energy).
The mating, also called the crossover operation, consists of taking two individuals at random and combining half the genes of one with half the genes of the other to obtain two new
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individuals. Note that there are many ways to perform this operation, and one may even
produce, from a single pair, a next generation of many more individuals that are formed
from taking many combinations of the genes of their parents. A priori, if we start with N
individuals in generation P , one may end up after mating, with say, 20N individuals in the
next generation. One can eventually perform mutations on them. Mutations consist in randomly modifying part of their genes. In our context, mutation means displacing one or more
atoms in a cluster at random.
From the 20N obtained individuals, one can ﬁrst perform a quick structure optimization
and then sort their energies and pick the N lowest-energy individuals as survivors for the
next generation. One must, however, be careful to choose candidates of different geometrical
forms, so as to keep diversity. It would be completely useless to keep N clusters of the
same shape for the next generation, even though their energies were the lowest. Now, one
can iterate this process and perform mating, mutation, relaxation, and ﬁnal selection based
on shape diversity to obtain a new generation and so on. One is hopeful that after few
hundred or thousand generations (again this depends on the cluster size and complexity of
the problem), the ﬁttest individuals have been found. There is, however, no guarantee of
the convergence of the process.
In SA or GA, one is just sure to have found a good minimum if not the absolute one.
The choice of genes, mating and, mutations in GA and the dynamics in SA depend on the
problem and can be tailored to the speciﬁc problem at hand, just like sampling in Monte
Carlo is not unique to Metropolis.

5. CONCLUSIONS
The single most important barrier to the development of nanotechnology is the lack of an
exact predictable description of the nature of matter in nanoscale systems. In this review
we have introduced the state-of-the-art theories, intermolecular forces and potentials, and
computer simulation methods needed for statistical mechanical modeling and prediction of
the behavior of matter in nanoscale. With a thorough knowledge on this subject, we will
be able to predict the possible arrangement of atoms and molecules in all the ways permitted by physical law, which is the main aim of nanotechnology. To be able to build a wide
range of molecular structures and develop the technology and know-how for self-assembly of
molecules and self-replication, their statistical mechanical prediction is necessary. An accurate theoretical prediction capability will also provide us with deep, penetrating insight for
building precise molecular tools, molecular machine components, and products. This will
inﬂuence the research and development climate and redirect research funding and targets.
Through their intrinsic nature, the theories and simulation methods outlined above are
adapted to treating systems formed of a ﬁnite number of particles. The other advantage of
these methods is that, compared to experiments, they are relatively inexpensive and very safe
in determining properties of a given nanosystem. Theoretical calculations and simulations
can even be performed on systems under very unrealistic conditions of very low or very high
temperatures and pressures. These would normally be either very expensive or unsafe, if not
impossible, with an experimental setup. Nowadays, the stability of proposed nanosystems
can be estimated rather reliably before they are made experimentally.

GLOSSARY
AFM Atomic force microscope. A tip-based pisoscanning equipment of nano- and microsize surfaces in three dimensions.
FLAPW Full-Potential Linearized Augmented Plane Wave.
Intermolecular forces Forces resulting from attraction and repulsion between molecules.
Intermolecular potential Potential energy resulting from attraction and repulsion between
molecules.
LAPW Linearized Augmented Plane Wave.
LSDA Local Spin Density Approximation.
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Markov process (MP) The random walk toward equilibrium from an arbitrary initial state,
with no memory from previous steps.
Metropolis algorithm In this algorithm, one can start from an arbitrary point in [a! b], say
x0 = a + b/2 and add a random number to it: x1 = x0 + d2r − 1, where r is the random
number in [0, 1] and d is the magnitude of the step. If P x1 /P x0  > 1, then the move is
accepted; otherwise the ratio is compared to a random number in [0, 1].
Molecular dynamics simulation A computer simulation based on the equations of motion
and energy of a ﬁnite number of particles and their resulting statistical averaging.
Monte Carlo simulation A computer simulation based on random number generation of
the variable to estimate the function statistically.
Nanoscale One billionth of meter scale.
Nanostructure Geometrical structures in nanoscale.
Nanosystem Controlled volume or controlled mass systems deﬁned in nanoscale.
Small system A system deﬁned in nanoscale (nanosystem).
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