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Abstract

Nanothermodynamics fis fin fixtension fif fisual fihermodynamics, fihich 
deals fiith fihe fiystems fionsisting fif finite fiarticles. In fither fiords, fihe 
study fif fiufficiently fimall fiystems fit fiquilibrium requires fi 
modification fif firdinary fiacroscopic fihermodynamics. In fihis fiote, fie 
solve fiwo fiathematical firoblems related fio fihis firea fif fiince find 
technology. 
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1. Introduction

Nanothermodynamics, a term, which has been recently introduced in the litra-
ture, is an extension of usual thermodynamics, which deals with the systems
consisting of finite particles. In other words, the study of sufficiently small sys-
tems at equilibrium requires a modification of ordinary macroscopic thermo-
dynamics. This new subject has been investigated and the most fundamental
results have been published as the thermodynamics of small systems. For the
study of small systems or nanostructures, one needs some detailed information
about the geometry and arrangement of the particles in these nanostructures.
In this letter, two mathematical concepts have been considered. One of them
belongs to the geometrical number theory which has been known as the Gauss’s
circle problem, and the other one relates to the Euler theory of homogeneous
functions. Both of these mathematical concepts could be applied in nanother-
modynamics.
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2. Physical Significance

Following McQuarrie [5],the degeneracy of the translational energy of a par-
ticle could be estimated as 1/8 volume of a sphere with the radius R. This
approximation is fair for sufficient high temperatures and for the cases which
R is not large enough fails. On the other hand, in conventional statistical me-
chanics the number of particles is large enough. In the first part of this work,
we present a new formulation suitable for the latter case, and in the second
part the Euler’s theorem is applied for the small systems. The physical signif-
icance of this theorem could be directly applied to the non-extensive systems.
These systems could be considered as small systems.

3. Problem Statement

Here is a theorem which has been proved applicable for the case in which
the above mentioned approximation could not be used for the calculation of
degeneracy. We recall that, a point with integer coordinates called a geometric
point, which could be considered as lattice points in a nanostructure.

Theorem. Suppose B is a sphere with radius of R, which its center is in the
origin of the coordinates. The number of geometric points of B is expressed
by the following equation:
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where [x] denotes the greatest integer ≤ x.

Proof. We first compute the number of geometric points of a circle of radius
r with the origin as its center. To do this, we first assume that:

A = { (0, y) | 0 < y ≤ r }
B = { (x, y) | 0 < x ≤ r√

2
; 0 < y ≤

√
r2 − x2 }

C = { (x, y) | 0 < y ≤ r√
2

; 0 < y ≤
√

r2 − y2 }

D = { (x, y) | 0 < x, y ≤ r√
2
}.

Then, we can see that |A| = [r], |B| = |C| and |D| = 4[ r√
2
]2. On the other

hand, we have eight similar regions with the same number of geometric points,
in the three dimensional space. These regions are out of the square constructed
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. Therefore, it is enough to compute the number of

geometric points of a region and multiply it by 8. But, the number of geometric
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. This shows that the

number of geometric points in the sphere of radius R is as follows:
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The second problem that has been considered in this note is related to the
Euler’s homogeneous functions. We know from usual macroscopic thermody-
namics that two categories of thermodynamic properties known as extensive
and intensive properties exist that mathematically speaking are Euler’s homo-
geneous functions in the first and zero degrees in mole numbers, or

f(nX1, nX2, nX3, · · ·) = nλf(X1, X2, X3, · · ·); λ 6= 1,

where, λ = 0 for intensive, λ = 1 for extensive properties, f is a ther-
modynamic property and λ is an exponent. In nanothermodynamics these
thermodynamic functions lost their properties and there is no longer a lin-
ear relationship between the number of moles of the system and its extensive
properties(such as internal energies, entropy, etc.). Here we propose a sim-
ilar relation as the above equation for extensive properties but with λ 6= 1
for the non-extensive thermodynamic properties of the small systems. Since,
in the small systems we are faced to the new class of thermodynamic prop-
erties which have not usual mathematical and physical interpretations of the
extensive properties of the macroscopic systems. Therefore,

F (NX1, NX2, NX3, · · ·) = Nλf(X1, X2, X3, · · ·); λ 6= 1.

For determining λ some experimental data or reliable calculations on the rel-
evant properties of small system must be carried out.
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