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Abstract The aim of our research is to demonstrate the
role of attractive intermolecular potential energy on normal
pressure tensor of confined molecular fluids inside nanoslit
pores of two structureless purely repulsive parallel walls in
xy plane at z = 0 and z = H, in equilibrium with a bulk
homogeneous fluid at the same temperature and at a uni-
form density. To achieve this we have derived the pertur-
bation theory version of the normal pressure tensor of
confined inhomogeneous fluids in nanoslit pores:
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In which R, ©, Z are the cylindrical coordinate’s notations

and || = \/R} +Z3. Assuming the truncated-Lennard-
Jones potential, the third term represents the attractive
intermolecular potential energy contribution to the normal
pressure tensor. We report solution of this equation for the
truncated-Lennard-Jones confined fluid in nanoslit pores,
and we demonstrate the role of attractive potential energy
by comparing the results of Lennard-Jones and hard-sphere
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fluids. Our numerical calculations show that the normal
pressure tensor has an oscillatory form versus distance
from the walls for all confined fluids. The oscillations
increase with reduced bulk density and decrease with fluid—
fluid attraction. It also becomes broad and smooth with
pore width at constant temperature and density. In com-
parison with hard-sphere confined fluids, the values of the
normal pressure for LJ fluids at all distances from the walls
are less than the hard-sphere fluids. This analytic pressure
tensor equation is a useful tool to understand the role of
attractive and repulsive forces in the normal pressure tensor
and to predict phase behavior of nanoconfined fluids.
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1 Introduction

Nanoconfined fluids behavior, especially the density and
pressure tensor, depends on spatial direction and position
where the measurement is made, and it is not the same as
the macroscopic (bulk) fluid behavior. It is now known that
molecular fluids in nanotubes and in nanoslit pores at
equilibrium are inhomogeneous and anisotropic due to
nanoconfinement and wall effects. The oscillatory behavior
near a wall in general has been investigated with different
methods by various investigators in the past (Zhou 2000;
Yu and Wu 2002; Dong et al. 2005; Ziarani and Mohamad
2006; Eijkel and Berg 2006; Keshavarzi et al. 2006, 2010).
Recently Keshavarzi et al. (2010) reported derivation of the
general equation for the normal pressure tensor of the
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confined fluids in nanoslit pores. The resulting equation
was then applied for a hard-sphere fluid confined in
nanoslit pores to predict its normal pressure tensor profile.
A hard-sphere fluid model even though can represent the
essential configurational features of real fluids, it lacks the
attractive part of the intermolecular potential energy
function.

We report here our formulation for the analytic solution
of prediction of the behavior of real confined fluid in
nanosystems. As an example we use the truncated-Len-
nard-Jones fluid in the calculations reported here. Lennard-
Jones model is shown to be a realistic model for simple
molecular fluids in macroscopic systems and we assume to
be equally valid for confined fluids in nanoslit pores. The
theoretical basis of our approach is the statistical
mechanical perturbation theory of fluids already developed
and shown to be quite successful in predicting the behavior
of macroscopic fluid systems (Mansoori et al. 1969; Lan
and Mansoori 1975; Barker and Henderson 1976; Kang
et al. 1985; Zhou 2006).

Like Keshavarzi et al. (2010) (from now on it is referred
to as “Paper 17), we consider a fluid confined in a nanoslit
pore consisting of two structureless and parallel walls in
the X-Y plane of X-Y-Z rectangular coordinate system
located at Z = 0 and Z = H, i.e., separated by length H in
the Z direction as shown in Fig. 1 of Paper 1. This means
the Z direction is perpendicular to the wall.

We also assume the confined fluid in the nanoslit pore is
in equilibrium with a bulk fluid at the same temperature
and chemical potential. It is clear that fluid in such a
nanoslit pore is inhomogeneous, and therefore, all of its
thermodynamic properties are functions of the local den-
sity. The local density is a function of the width of nanoslit
“H”, bulk density “pmac. BuLk » absolute temperature
“T”, and the interaction of fluid—fluid and the fluid-wall
molecules. In Paper 1 using statistical mechanics of small/
nano systems, the general equation for the normal pressure
tensor was derived which is applicable for all confined
fluids in nanoslits with all kinds of wall-fluid and fluid-
fluid interaction as:
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where 71, = 7| — 7, is the intermolecular position vector of
molecule 2 with respect to molecule 1 and rjoz = |Fi2|, is
the projection of distance of molecule 1 from molecule 2 in
the Z direction, ry; is the projection of the distance of
molecule 1 from the wall on the Z-coordinate, ¢(7,) is the
intermolecular pair-potential energy function, and @y, is
the molecules—wall interaction potential function. For the
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Fig. 1 a comparison of local density of LJ and HS confined fluid in
nanoslit pores with hard walls versus Z; at p* = 0.6 and T* = 2.5 for
two different pore widths equal to 4 and 6. b Same as a except at
H* = 6 for two different reduced densities equal to 0.6 and 0.8.
¢ Same as b except at p* = 0.6 for two different reduced
temperatures equal to 2 and 2.5

nanoslit pore we can clearly assume p(r,z) = p(Z;) which
is the local density of the molecule 1. The term

p® (?12, 71) is the pair-probability density distribution and

P, is the normal pressure tensor. The first term in the
right-hand side of Eq. 1 is the kinetic contribution, the
second term is the wall-fluid interaction contribution, and
the third term is intermolecular interaction contribution.

For the general solution of Eq. 1 for normal pressure
tensor we need the expression for the radial distribution
function of the confined fluid and its density profile data.
We currently do not have the expression for the radial
distribution function of confined fluid, but through the use
of the density functional theory (DFT) we can readily
produce the density profile data as a function of the density
of a macroscopic bulk fluid “pyac. suLk”, in equilibrium
with the fluid inside the nanoslit pore. To bypass the need
for the radial distribution function we have inevitably used
the perturbation theory. In what follows we obtain the
equation for the normal pressure tensor of a confined real
fluid in nanoslit pores based on the perturbation theory.
Then, as a practical example we apply the resulting theory
for a Lennard-Jones nanoconfined fluid system.
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2 The theory

For investigation on the role of attractive intermolecular
forces on normal pressure tensor of fluids confined in a
nanoslit pore with structureless hard walls we assume the
system consists of N real molecules with the hard-core (hc)
diameter d confined between two parallel hard walls with
macroscopic areas and with pore width equal to H.

Based on the statistical mechanical perturbation and
variational theories, the pair-intermolecular potential
energy may be separated in two parts (Mansoori et al.
1969; Lan and Mansoori 1975; Barker and Henderson
1976; Kang et al. 1985; Zhou 2006):

d) = ¢reference + (pperturbed (2)

where @reference 15 the intermolecular potential energy of the
reference system and @perwrvea 1S the contribution of per-
turbation (attractive) part. Such separation in configuration
potential energy also separates these contributions in the
pair-potential energy.

For macroscopic systems there exist a variety of meth-
ods to perform perturbation or variational calculations to
choose the reference potential energy function and its
parameters (Mansoori et al. 1969; Lan and Mansoori 1975;
Barker and Henderson 1976; Kang et al. 1985; Zhou 2006).
However, the validity of such methods needs to be proven
for nanosystems before we can use them. In the present
report we choose a special perturbation method which is
valid for, both, nano- and macro-systems. This choice
enables us to clearly estimate the attractive intermolecular
force contribution to the normal pressure tensor of confined
fluids in nanoslit pores.

In our perturbation approach we perturb a realistic
intermolecular potential energy function around the hard-
sphere (reference) potential energy function, called hard-
core (hc) as follows,
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and d is the hard-core diameter.

Like in Paper 1, the external potential, ¢y, Which is
imposed by walls on the confined fluid is assumed to be of
purely repulsive nature as follows:

0 for ¢<rz<H -4
Ext 2 1Z 2
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In this equation r, is the projection of the distance of

molecule 1 from the wall on the Z direction. In perturbation
theory with analogy to potential energy the other
thermodynamic properties may be separated into two
parts. For example (Mansoori et al. 1969) for pressure of
the system we have:
Pz = Pyy) + P (7)
where PJ5 is the local normal pressure of unperturbed
(reference) hard-core system and PE5™ ™Y is the contri-
bution of perturbation (attractive) part.

Since the local density is uniform in x and y directions
(it is a function of Z beside T, H, and pmac. surk (the
density of a macroscopic bulk fluid system in equilibrium
with the fluid inside the nanoslit pore)). Since the nanoslit
width is limited in the Z direction we write Eq. 1 in the
cylindrical coordinates in which the variable Z will appear
explicitly. We then use the cylindrical coordinate’s nota-
tions (R, @, Z), where R refers to the radial coordinate and

© is the azimuthal coordinate. Now since |?12| =rp =

/R?%, + Z3, and considering Eqs. 4 and 6 in the cylindrical
coordinates, Eq. 1 will assume the following form

Pzz(Zy) ZP(Zl)kT—%// ¢ (F12)p? (r12,71)

J” (8)
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In deriving Eq. 8 from Eq. 1 the second term of Eq. 1
vanishes because according to Eq. 6 the wall-fluid
interaction term for nanoslit pore with two hard walls is
zero. We now use the definition of p® with respect to the
RDF (radial distribution function) gz g(ri2) according to
the “local-density approximation” which is valid for
weakly inhomogeneous systems (Kalikmanov 2001),

p D (ri2, 1) = p(Z1)p(Z2) 8211 (r12).- )

The subscripts Z and H in gz are to indicate that RDF
is dependent on, both, H (the width of the nanoslit) and the
width variable Z. By assuming the position of molecule
“1” fixed on the coordinate center we can replace Z,, 1,
and R, with Z,, r,, and R, respectively, and we can write
Eq. 8 in the following form:

Pa(2:) =p(@t = [[[ )o@ )pze)ezn(r
2722 dR,dZ,d® 10
X s +Z§)%R2 2dZ,d0O, (10)

where r, = \/R3 + Z3. Now we separate the integral of
Eq. 10 into two parts, PS5™™® (the reference part) and
PE D (the perturbed term) according to Eq. 7.
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The reference part of Eq. 6 will be as follows:

P _ (7 KT — np(2) / / Ol (12)P(Z2)22.1(r2)
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(R +23)"
Since the reference hard-core potential, ¢’(hc)(r2), is zero
everywhere except at (R% + Z%)O'5 = d we write it in the
following form:

(pzhc)(FZ) = — kTé([R% +Z%]05 . d) .

<¢(hc> [(R + zg)“]) (12)
X exp T ,

where 5([R% + Z%]O'5 — d) is the Dirac delta-function. By
inserting Eq. 12 into Eq. 11 we get:

ference)
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The second integral in Eq. 13 is a Dirac integral and it has
a non-zero value only when [R% + Z%]O‘5 = d. Therefore,
Eq. 13 will simplify to the following form

0
P(ZrZEfereme) = p(Z))kT + nkTp(Z;) / 0(22).2587.1(d)dZs,
Za

(14)

where p(Z;) and p(Z,) are the local densities of the real
fluid in the nanoslit, gz x(d) is the RDF at the contact point,
which is angle-independent, and Z; and Z, are position of
molecules 1 and 2 in the Z direction, respectively. Eq. 14 is
the same as Eq. 34 of Paper 1 if we replace gz g with g,
(d* appearing in the 2nd term in right-hand side of Eq. 34
of Paper 1 is a type error).

To get the perturbation term of the integral in the right-hand
side of Eq. 10 again we select the position of molecule “1” as
the coordinate center. Therefore, Z,, R}, and ry, are replaced
with Z,, R, and r,, respectively. Also we should choose the

values of Z,, R, as they generate [rz =R+7Z; > d} by

considering the limitation (H) in the Z direction,

2n
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Finally, by joining Eqs. 15 and 16 the equation for the
normal pressure tensor of the confined fluid in nanoslit
pores is derived:

_ plreference) (perturbed)
Pzz = Py, + Pz

0
=kTp(Z) + nkTp(Z;) / 0(2>).Z582,1(d)dZ,
Za

—;//7¢’(72)P(ZI)P(ZZ)8Z‘HU2)
0

Z
X 721dedeng(9; rn>d (16)
(R +723)°

Equation 16 is a general perturbation equation for the
local normal pressure tensor of confined fluids in nanoslit
pores as a function of the local density and temperature.
With the assumption of a realistic intermolecular potential
energy function, like what is derived by Zhang et al.
(2007), Eq. 16 may be used to predict the normal pressure
tensor of confined realistic fluids in nanoslit pores. As an
example in the present study we use the Lennard-Jones
intermolecular pair-potential energy function.

3 Applications for confined Lennar-Jones fluid
and approximations
In the present report for calculation of the normal pressure

tensor of real fluids the truncated-Lennard-Jones (LJ)
intermolecular potential energy function is used,

|(2)" ()]

0o for [F12| <o

for |7z >0 (17)

P(F12) =

To remove complications related to the choice of the
hard-core diameter, d, we choose that equal to the Lennard-
Jones length parameter o, i.e., (d = 7).

In order to apply Eq. 16 for normal pressure tensor
calculation we need the RDF and local density profile data.

The RDF, gz, in nanoslits is different from the bulk
system RDF. It is a function of local density in the nanoslit,
but due to the lack of an exact functional form for
gzu(d) and gz y(r;) we replace them with their average
values, i.e.,

gzu(d) = (gzn(d)),
gzn(r2) = (gznu(r2)).

(18)
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Then Eq. 16 will assume the following form
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Then due to the lack of any information about gz we
assume

(8zu(d)) = (gzn(r)) = 1. (20)

Then we end up with the following approximate, but
manageable, expression

Py = P(Zrzeference) + P(szerturbed)
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Equation 21 may be applied for prediction of the normal
pressure tensor of fluids in gases and liquids states, although
all the reported data in this manuscript are for the bulk fluid
gaseous state. To obtain the normal pressure tensor using the
above equation the local density profile for the LJ confined
fluid in nanoslit pore with hard walls is necessary. The local
density is a function of the pore width H, temperature 7 and
PMAC. BULK, the density of a macroscopic bulk fluid system
in equilibrium with the fluid inside the nanoslit pore, called
“bulk density” for short. To produce such data we used the
density functional theory (Heidari et al. 2010) for an
inhomogeneous fluid system. The data which we have
obtained by DFT are summarized in Figure (1a—c).

Figure 1a shows the local density of the truncated LJ
confined fluid in the nanoslit pore with hard walls at the
reduced temperature 7% = kT/e = 2.5, reduced “bulk
density” pmac. BuLk® = 0 pumac. purk = 0.6 and for two
different reduced pore widths H* = H/=4 and 6.
According to Fig. la the local density has an oscillatory
behavior indicating layering configuration similar to the
confined hard-sphere fluid behavior in nanoslits (Kamalv-
and et al. 2008). When the pore width increases, the
number of layers increases but the height of layers
decreases. The profile of the local density in Fig. 1b is the

same as in Fig. 1a but for two different reduced densities at
reduced pore width H* = 6 and reduced temperature
T# = 2.5. As it is clear from this figure by decreasing the
“bulk density” the layers become more diffuse and broad.
Figure (1c) shows the variation of the density profile with
reduced temperature at constant H* and pmac. BuLk*-
Increasing T* is equivalent to reducing the well depth, “¢”,
of the potential. By decreasing the inter-particle interac-
tion, or increasing the reduced temperature, the tendency of
molecules to move into the slit becomes more and the
“average density” in the pore increases.

Figure (2) shows the normal pressure tensor profile of
the reference hard-sphere part of the LJ fluids (combination
of Ist and 2nd terms of Eq.21: kTp(Z,) + nkTp(Z;)
f?dp(Zz)Z%dZZ) at pmac. suLk® = 0.6, T* = 2, for two
different values of H* = 4 and 6. As it is shown the reference
hard-sphere term has an oscillatory behavior versus reduced
distance Z;* of the molecule 1 from the wall and the
amplitude of these oscillations decreases with pore width.
Also when the pore width increases, the layers of the mole-
cule in the pore increase but the height of the layers decrease.

Figure 3a—c shows our results for attractive term of the
normal pressure tensor, 3rd term of Eq. 21, for two dif-
ferent bulk densities, pore widths and temperatures,
respectively. According to Fig. 3a at constant temperature
and pore width when the “bulk density”, and as a result the
average density in the nanoslit pore, increases contribution
of intermolecular attractions as well as its fluctuations
decrease. According to Fig. 3b at constant “bulk density”
and temperature by increasing the pore width, the number
of layers and their depth decrease. According to Fig. 3c by
reducing the temperature the tendency of molecules to
move into the nanoslit pore decreases. Therefore, their
contribution to the normal pressure tensor decreases. By
increasing the reduced temperature the contribution of the
attractive forces on the pressure tensor as well as the depth
and height of the pressure oscillations decrease.

Figure 4a shows the normal pressure tensor profile (the
sum of the reference and perturbed parts) for LJ fluid

*
MAC. BULK

I
o
=)}

I

Fig. 2 The contribution of the reference part of the normal pressure
tensor for LJ confined fluids in nanoslit pore with hard walls at
p* = 0.6 and T* = 2 for two different pore widths H* = 4 and 6
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Fig. 3 a The contribution of the perturbed part of the normal pressure
tensor for LJ confined fluids in nanoslit pore with hard walls at
H* = 6 and T* = 2 for two different reduced densities equal to 0.6
and 0.8. b Same as a except at p* = 0.8 for two different pore widths
equal to 4 and 6. ¢ Same as b except at H* = 6 for two different
reduced temperatures 7% = 2 and 2.5

confined in nanoslit pores at pyiac. puLk™ = 0.8, TF = 2.5
and 2 at H* = 6. The normal pressure has a maximum
value near the walls and exhibits oscillatory behavior that
decreases with distance from the wall. This oscillatory
behavior versus Z; is similar to the hard-sphere fluid nor-
mal pressure reported in Fig. 4b for the same conditions.
The positions of the maxima and minima of normal pres-
sure tensor profile occur in the half integer and integer
values of Z;, respectively. Since the attractive force con-
tribution of intermolecular interaction (or perturbation part)
to the local pressure is negative, according to Fig. 3a—c, the
normal pressure tensor of the LJ confined fluid is smaller
than that of the hard-sphere confined fluid.

As we have obtained in this report and corresponding to
results in Paper 1 (Keshavarzi et al. 2010), the values of the
normal pressure tensor at the contact point for both hard-
sphere and LJ fluids is equal to pkT, which arises only from
the kinetic contribution. This is because of our definition
for normal local pressure tensor (based on the method of
plain) in which only the interactions between the molecules
which are between the real wall and one side of imaginary
plane comes into account to calculate the normal pressure
tensor. Therefore, when the imaginary plate inserts at the
distance of 4/2 from the wall, at the contact point, there is
not any molecule in this distance, 0 < Z; < a/2; therefore,
there is not any contribution from the intermolecular

@ Springer
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Fig. 4 The normal pressure tensor for LJ confined fluids in nanoslit
pore with hard walls at p* = 0.6 and H* = 6 for two different
reduced temperatures 7% = 2 and 2.5. b Same as a except for HS
confined fluids in nanoslit pore with hard walls

Fig. 5 The normal pressure tensor for LJ confined fluids in nanoslit
pore with hard walls versus Z; at H* = 6 and T* = 2.5 for two
different reduced densities p* = 0.6 and 0.8

interaction in the pressure and so only the kinetic contri-
bution p(Z)kT determines the values of the normal pressure
tensor at the contact point.

In Fig. 5 we report the normal pressure of the LJ fluid
confined in nanoslit pore at two different reduced bulk
densities of ppacsuLk® = 0.6 and 0.8. According to this
figure the height and depth of the pressure oscillations is
reduced as the density is decreased.

In Fig. 6 we report the normal pressure tensor for the LJ
confined fluid in nanoslit pore at pyac. puLk™® = 0.6 and
T* = 2.5 for two different reduced pore widths H* = 4
and 6. According to Fig. 6 the number of oscillations of
normal pressure tensor increases with increasing H*.

In Fig. 7a, b we report the normal pressure tensor of the
hard-sphere fluid (with molecular diameter equal to the LJ
length parameterc) and the LJ confined fluids in nanoslit
for a H* = 6, T* = 2.5 and ppac. surk™ = 0.8. As it is
clear from this figure the normal pressure for both of two
examined fluids has symmetrical oscillatory behavior
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Fig. 6 The normal pressure tensor for LJ confined fluids in nanoslit
pore with hard walls versus Z; at p* = 0.6 and T% = 2.5 for two
different pore widths H* = 4 and 6

(a)10 P—

8 MAC. BULK

®) 7o _os

MAC. BULK

Fig. 7 a Comparison of normal pressure of LJ confined fluid in
nanoslit with hard-core fluid at H* = 6, T* = 2.5 and bulk density
p* = 0.8. b Same as a except at bulk density p* = 0.6

versus Z; which they decrease exponentially from the wall.
Also the normal pressure tensor of LJ confined fluids for all
values of Z;, because of the attraction term, is lower than
corresponding values for hard-sphere fluids except for
distances up to 1.5 ¢ from the walls. It is because of our
definition in model in which the attraction term comes into
account for molecules when they are in distances more
thano, and tone cannot find any molecules for distances
lower than ¢/2 from the walls.

Figure 7b is similar to Fig. 7a but for ppmac.
suLk”® = 0.6. As this figure shows when the bulk density
decreases the normal pressure tensor for both fluids
decreases, the layers become broader and smooth and the
differences between the two pressures increase.

4 Discussion and conclusions

We have derived a general perturbation equation for
predicating the normal pressure tensor of realistic

molecular fluids having both attractive and repulsive
intermolecular energies. We have predicted the effect of
attractive intermolecular forces on the behavior of confined
fluids in nanoslit pores using the general equation for the
normal pressure tensor applied to the Lennard-Jones fluid.
Comparison of our results with those obtained for hard-
sphere confined fluids (Keshavarzi et al. 2010) indicates
that the local normal pressure tensors of both LJ and hard-
sphere confined fluids have oscillatory behavior versus
distance from the walls. This oscillatory behavior increases
with temperature and bulk density and decrease with pore
width for both cases. Also all the kinetic, repulsion, and
attraction potential terms in the local normal pressure
tensor of real confined fluids have oscillatory behavior.

It is shown that the attraction contribution of intermo-
lecular interaction to local pressure is negative. As a result
the normal pressure tensor of LJ confined fluid is lower
than those of hard-sphere confined fluid. Our results show
that at constant reduced bulk density and pore width,
repulsive interactions increase with temperature; however,
contribution of the attractive interactions on the pressure
tensor decreases. Bulk density also affects both repulsive
and attractive interactions. Our results show that at constant
temperature and pore width when the “bulk density”, and
as a result the average density in the nanoslit pore,
increases, the contribution of intermolecular attractions as
well as its fluctuations decreases; however, the contribution
of repulsive interactions increases. Finally, at constant
“bulk density” and temperature with increasing the pore
width, the depth of oscillations of the local normal pressure
decreases while the number of maximum and minimum in
that increases. Temperature affects both repulsive and
attractive contributions to pressure tensor. When the bulk
density decreases the layers become more diffuse and
broad. Therefore, the pressure between the walls decreases
but maintains its oscillatory behavior. The number of layers
in the pore increases with increasing pore width but their
height decreases.

It is clear that while the repulsive energies predict the
trend of the behavior of normal pressure tensor correctly,
the attractive part of the intermolecular interactions plays a
significant role in value of the confined fluids normal
pressure tensor (Mansoori 2005).

Although density oscillations in the nanoslit pore is a
major factor, which influences all the structural properties
of confined fluids such as oscillatory behavior of normal
pressure, it is not the only effective parameter. According
to Eq. 16, there is no direct relation between local normal
pressure and local density except for the contribution of the
kinetic term, kTp(Z,), which is the limit of normal pressure
as p — 0. In order to demonstrate how the normal pressure
and density are related we report Fig. 8. According to
Fig. 8 density is not the only variable for normal pressure.
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Fig. 8 Variations of the
dimensionless local normal
pressure and local density of the
LJ nanoconfined fluid versus Z, 0.84
for H* = 6, T* = 2.5 and the
bulk densities of p* = 0.3, 0.6 0.80
*#
}‘,ZZ 0.76
0.72

0.68

We have reported all the state variables (pressure tem-
perature and density) in dimensionless forms. Our theory is
applicable for all confined molecular fluids in nanoslits.
Our dimensionless computational results are applicable for
all the molecular fluids for which the LJ potential function
is valid, the nanoslit walls are hard-repulsive and the
nanoslit is in equilibrium with a stationary bulk system.
However, it is customary to quote argon as the choice fluid
for which LJ potential is accurately valid.

We have demonstrated that the structure of a fluid in
nanoslit pore is a function of the pore size, H, in addition to
density, temperature, and intermolecular interactions
between fluid molecules and walls—fluid. In the limit when
the pore size, H, goes to infinity the structure of fluid
becomes the same as its structure near a flat wall.
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