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A phase equilibrium computational algorithm based on the minimization of the total Gibbs free
energy of the multicomponent continuous system is introduced and the phase rule for a multi-family
and multi-phase continuous mixture is formulated. Utilizing this technique it is now possible to
perform phase equilibrium computations for mixtures containing both continuous component families
and discrete components. Illustrative and comparative examples are introduced by using a continuous
mixture equation of state, mixing rules,· and combining rules. Comparisons of the experimental phase
equilibrium data of a realistic gas-condensate system with the calculated results indicate excellent
agreement between the two. The computational time required for the proposed algorithm is
substantially reduced from the conventional pseudocomponent techniques.
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1. INTRODUCTION
The fundamental basis of the classical thermodynamics for multicomponent phase
behavior prediction is generally based on the assumption of well defined
compositions for all components expresse9 in mole fractions. Some complex
mixtures, such as petroleum fluids, vegetabJe oils, and polymer solutions contain
a great number of similar chemical species. In such cases description of these
complex mixtures by component mole fr'btions is difficult. Therefore, instead of
using mole fractions, an alternative method, which is generally called "continuous
thermodynamics", is proposed'. In this method, a distribution function is
introduced to describe the composition iof these complex mixtures consisting of a
great number of components.
Since DeDoner (1931), who as a pioneer, outlined the thermodynamics of
mixtures consisting of many components and phases in which an infinite number
of reactions would take place, many workers have made contributions in the field
of continuous systems: Dickinson (1980) applied continuous thermodynamics
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within the conformal solution theory. Blum and Stell (1979) introduced a
diameter distribution to characterize a hard-sphere polydisperse mixture. Some
other studies, which applied the concept of thermodynamics of continuous
mixtures in polymer solutions, have been reported in earlier years [e.g. Scott_
(1949); Koningsveld (1969); Flory and Abe (1978)], Also, concerning petroleum
distillation, some flash calculation schemes which were restricted to a simple
model, such as Raoult's law, have been reported for continuous mixtures [e.g.
Bowman (1949); Hoffman (1968); Taylor and Edmister (1971)].
In recent years, some significant contributions towards potential applications
(e.g. Gualtieri et al. (1982); Briano (1983); Kehlen, Ratzach and Bergmann
(1985); Cotterman and Prausnitz (1985) based on continuous thermodynamics
have been reported for continuous mixtures or semicontinuous mixtures. How
ever, due to the lack of a general algorithm for phase equilibrium calculations of
continuous mixtures in the past, a number of simplifying assumptions were made,
which are only valid for a mixture with a narrow molecular weight distribution.
In order to predict the phase behavior of a continuous mixture with a wide
range of molecular weight distribution we have developed three different
computational algorithms by which one can perform flash calculation of fully
continuous mixtures [Du and Mansoori (1986a, b, c)]. In the present report we
utilize one of the three algorithms (minimization of the total Gibbs free energy of
the continuous mixture) in order to demonstrate its utility in realistic phase
equilibrium calculations. We also report the phase rule for a multi-family
multi-phase continuous system.
In part II the basic theory of phase equilibrium of continuous mixtures is
presented. In part III the concept of the minimization of Gibbs free energy for
phase equilibrium of continuous mixtures is introduced. In part V the proposed
algorithm is used for phase equilibrium calculations using the Peng-Robinson
equation of state and comparisons are made between the continuous mixture
calculations and a realistic multicomponent system.

II. THEORY OF PHASE EQUILIBRIUM OF CONTINUOUS
MIXTURES
For a mixture with a large number of components all in one family (such as
paraffins, aromatics, etc.), composition may be replaced with a composition
distribution function F(I, I0 , 'f/) whose independent variable I is some measure
able property (such as molecular weight, boiling point, or density) with mean
value of I0 and variance of 'f/- The composition distribution function F(I, Io, TJ) is
normalized such that

L F(I)dI=l
over the entire range of /. In order to perform phase equilibrium calculation for a
continuous mixture according to the classical thermodynamics of multicomponent
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multiphase system it is necessary to equate temperatures, pressures, and chemical
potentials of components in every phase. Thus, for the vapor-liquid equilibrium
this means that the following conditions must be satisfied:
T= TL= TV
(l)
L
V
P = P (T, Vu loL , TJL) = p (T, Vv, lov, 1/v)
(2)
v
L
(3)
IE (1 �00)
µ (I, T, Vu lou 1/L) = µ (I, T, Vy, lov , 1/v)
However, considering the fact that Eq. (3) is representative of a multitude of
equations it is generally impossible to solve Eqs. (1)-(3) simultaneously for the
liquid and vapor continuous mixtures in equilibrium. To resolve this problem we
have developed three different computational algorithms (Du and Mansoori,
198 6a, b, c) one of which is based on the minimization of the total Gibbs free
energy of the continuous systems.
III. DIRECT MINIMIZATION OF THE GIBBS FREE ENERGY OF
CONTINUOUS SYSTEMS
According to thermodynamics for a system at the equilibrium state, differential
virtual variations can occur in the system properties at constant T and P without
increasing the total Gibbs free energy of the system from its minimum condition.
Thus, a general criterion for a system to be at equilibrium is
(4)
(<'>G)r,p = O
To demonstrate the application of this criterion for continuous mixture phase
equilibrium calculations, we restrict consideration only to vapor-liquid equi
librium. In such a case, the total Gibbs free energy of the system is
G = GL + Gv
(5)
Generally, the Gibbs free energy of a one-family continuous mixture can be
presented by the following expression:
G=

L�

L

[P-NRT/v] dv -NRT F(I)ln{v/[NF(l)RT]} di+ PV + G0 (6)

Where N is the number of moles and G0 is the Gibbs free energy of the
continuous reference state at temperature T. Thus the total Gibbs free energy, G,
is a function of temperature, volume, mean values and variances in liquid and
vapor phases. Since the system is in phase equilibrium, the equilibrium criterion,
Eq. (4), is imposed on the system. Thus, all of the first derivatives of the total
Gibbs free energy, G, with respect to the system variables (variances and mean
values) will be equal to zero.
(8G/81JLh,P,�v,loL,Iov = 0
( aGI81Jvh,P, �L,loL,lov = 0
(8G/81oLh,P,�L,�v.Iov= 0
(aG/8lo vh,P, �L, �v,loL = 0

(7)
(8)
(9)
(10)
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To perform flash calculations for a one-family continuous mixture, Eqs. (7)-(10)
and Eq. (2) will form a set of 5 nonlinear equations which must be solved
simultaneously. In order to generalize the theory of phase equilibrium presented
here to a multi-family and multi-phase continuous system we will formulate the
phase rule for such a system.
IV. THE PHASE RULE OF FULLY CONTINUOUS MIXTURES
(i). In a one-phase continuous mixture system consisting of r groups (or
families such as paraffins, naphthenes or aromatics) of continuous compounds
group-compositions may be specified by defining (r -1) "group mole fractions",
S;, where L'S; = 1. Thus the total number of compositions to be specified for the
system is (r -1). There exist also two variables, variance T/ and mean value /0,
for each group to be characterized. Then the number of variables to be specified
is r - 1 +2r = 3r - 1. There are two more variables which have to be considered
(temperature and pressure) so that the total number of independent variables
(degrees of freedom) in a one-phase continuous mixture system is
f =(3r-1)+2=3r+l

(11)

(ii). Consider now a multifamily-multiphase system that consists of p
homogeneous phases and r groups of continuous compounds at a constant.·
pressure and temperature. This system is at thermal and mechanical equilibrium
but not at chemical equilibrium. For a phase that contains r groups of continuous
mixtures, its group composition may be specified by defining (r -1) "group mole
fractions", sf, where L'sf = 1. Thus the total number of concentrations to be
specified for the whole system is (r - l)p. There exist also two variables, variance
T/ and mean value Io, for each group to be characterized. Then the number of
variables to be specified is (r -l)p +2rp = (3r -l)p. In general, there are
(p -1) phase fractions and two variables which have to be considered for
temperature and pressure so that the total number of independent variables
(degrees of freedom) in the whole multifamily-multiphase continuous system is
f =3rp +1

(12)

This equation will reduce to Eq. (11) when p = l.
(iii). Next let us consider a multifamily-multiphase system in thermal, mechan
ical and chemical equilibrium, the number of relationships which must be satisfied
as a result of equilibrium between the phases must be subtracted from Eq. (12) in
order to find the number of independent variables in this system. Such
relationships exist due to the fact that the total Gibbs free energy of the
multifamily-multiphase system must be minimum at equilibrium with respect to
the "equilibrium variables" of the system. For a system consisting of r families of
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continuous mixtures and p phases, there are 2rp equilibrium variables resulting
from the total number of variances, ry's, and mean values, /0's, in the system.
Also we need to define (p - l)r equilibrium relationships for calculating family
concentrations. As a result, the total number of equilibrium relationships for this
system in equilibrium are

2rp + (p - l )r = 3rp - r.

(13)
Thus the number of independent variables (degrees of freedom) in a multifamily
multiphase continuous system at equilibrium is:

f = (3rp + 1) - (3rp - r) = r + l

(14)

This equation is the phase rule for specifying the number of degrees of freedom in
a multifamily-multiphase continuous system at equilibrium.
V. COMPARISON OF CALCULATED AND EXPERIMENTAL
RESULTS FOR A REALISTIC SYSTEM USING AN EQUATION OF
STATE
As an example, in what follows we introduce the proposed algorithm for the
Peng-Robinson equation of state and we perform VLE calculations for a
gas-condensate system. the Peng-Robinson equation of state for mixtures

P = RT!(V - b)-a(T)/[v(v + b) + b(v - b)]

(15)

a(T) =LL x;xia;;ajj) 112 = [L x;a}/2]2

(1 6)

b = LX;b;

(17)

au(T) = a(T,,;)[1 + K;{l - T:/2)]2

(18)

i

K;

j

a(T,,;) = 0.45724R 2T:J Pei

(19)

b; = 0.0778RT,,J Pei

(20)

= 0.37464 + 1.54226w - 0.26992w 2,

(21)

joined with the exponential-decay distribution function [Du and Mansoori, 1986],

F(I) = (l/ry)exp[-(l-/0)/11]

(22)

which is suitable for gas-condensate reservoir fluids, is used to perform flash
calculations for gas-condensate mixtures. In order to extend this equation of
state to continuous mixtures, we rewrite Eq. (18) in the following form:
[a(T)] 1'2 = a1 -a2 T112
(23)
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where

Li xian;

a 1 = L F(I)a 1(1) dl

(24)

= L xiaiz;

a2 = L F(I)az(I) dl

(25)

a1 =
a2

and

i

(26)

(27)

Graphical representation of an , a;2, and b; for paraffinic hydrocarbons versus
molecular weight are shown [Du and Mansoori (1986b)] to obey third order
polynomials in the following forms:
ai(I) = a10 + aul + a12 12 + a13l3,

(28)

b(I) = bo + b1I + b2I2 + b313 ,

(30)

a2(/) = a20 + a 21I + ll 2212 + a2313,

where:

ll 10 = 0.4771,

ll 13 = 0.2700 X 10-6,

a22 = 0.2960 X 10-s,
b = 0.1410 X 10-2,
1

a 11 = 0.1055,

ll 20 = 0.0157,

(29)

a 12 = 0.4066 X 10-4,

a23 = 0.1318 X 10-s,
b2 = -0.2337 X 10-5,

a 21 = 0.1747 X 10-2,

b0 = 0.9351 X 10-4,
b = 0.1147 X 10-7•
3

By replacing the exponential-decay distribution function, Eq. (22), into Eqs. (24)
and (25), we can derive analytic expressions for parameters a 1 , a2 , and b of the
Peng-Robinson equation of state. In order to utilize the present algorithm for
VLE calculations of continuous mixtures, we need to derive an analytic
expression f or the Gibbs free energy. By replacing Eq. (15) into Eq. (6), the total
Gibbs free energy of the system will be in the following form:
where

G = (T/1 - 'f/v)l(TJL -TJv)gL + (TJL - TJ1)l(TJL - TJv)gv

(31)

gL = -RT ln(vL - bL) + ad(2.828bL)ln[(vL - 0.414bL )/(vL + 2.414bL)]

-RT ln 'f/L + vLRT/(vL - bL)-aLvd[vL(vL + bL ) + bL( vL - bL)] (32)

The expression for gv will be the same as for gL when subscript L is replaced with
Vin Eq. (31). To perform VLE flash calculations, we need to substitute Eq. (31)
into Eqs. (7)-(10). But, since for gas-condensates 101 = IoL = 10v = (the molecular
weight of methane), Eq. (9) and Eq. (10) will vanish.
To illustrate the application of the proposed algorithm to realistic many
component mixtures, the flash-calculation results determined by utilizing the
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minimization of the total Gibbs free energy algorithm will be compared with an
experimental gas consensate data set. Hoffmann et al. (1953) have presented the
equilibrium condensate phase analyses (Figure 1), and flash yields at different
temperatures (Figure 2) for a gas-condensate system. In their work, methane to
pentane are identified and the hydrocarbon fractions heavier than pentane are
divided arbitrarily with mid-boiling points roughly equivalent to those of the
respective normal paraffin hydrocarbons. In our calculations, we treat this gas
condensate mixture as a discrete mixture of methane (with a mole fraction of
0.9135) and a continuous fraction of other hydrocarbons. The continuous fraction

FIGURE 1 Component mole fraction equilibrium ratio, K-value, of a gas condensate fluid
[Hoffmann et al. (1953)] at 201'F. Squares are the results by using a pseudocomponent method [Katz
and Firoozabadi (1978)], circles are the experimental data, and the lines are the results by using the
minimization of Gibbs free energy algorithm.
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FIGURE 2 Liquid-vapor volume ratio of the gas condensate fluid of Figure 1 at 201 °F. Squares are
the results by using a pseudocomponent method [Katz and Firoozabadi (1978)), circles are the
experimental data, and the line is the result by using the minimization of Gibbs free energy algorithm.

is described by an exponential-decay distribution function (starting from the
molecular weight of ethane, with a variance of 7/ = 22.3). The Peng-Robinson
equation of state is used to perform flash calculations for this gas consensate
system.
The binary interaction parameters, k;j, is set equal to zero for all binary pairs
except for methane-heavier (Ct fraction), ethane-heavier, and propane-heavier
fractions. The k;j correlation proposed by Katz and Firoozabadi (1978), for the
methane-Ct fraction, in terms of the heavier fraction specific gravity is given by
k1 ,; = 0.129(SG); - 0.055855,

(33)

where (SG); is the specific gravity at 60°F of the heavier component. Based on the
experimental data reported by Hoffmann et al. (1953), an expression for the
heavy component specific gravity as a linear function of the molecular weight has
been determined. This expression is substituted into Eq. (33) resulting in k 1 ,; for
methane-heavier fractions as a linear function of molecular weight:
k1,;

= -0.0579 + 0.4411 X 10- 4/.

(34)
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For binary interaction parameters of ethane-heavier and propane-heavier frac
tions, the value of k;,i = 0.01 [Katz and Firoozabadi (1978)] is used in our
calculations.
The proposed minimization of the total Gibbs free energy algorithm is applied
to perform flash calculations for different pressures at the same temperature of
201°F. The compositions and liquid yields are calculated and they are shown to be
in agreement with the experimental data. Figures (1) and (2) report the calculated
and experimental equilibrium ratios K; for each component and liquid yields,
respectively. Calculations using the pseudocomponent method are also reported
in these figures. As these two figures illustrate flash calculations based on the
proposed technique are as accurate as those using conventional pseudocomponent
techniques.
Calculations also indicate that the proposed technique can reduce the required
computer time significantly while it retains the accuracy of the predictions. The
proposed continuous mixture technique is applicable to varieties of multicom
ponent mixtures, equations of state, and mixing rules.
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NOMENCLATURE
a, b
F
G
I
P
R
T
v
Z

equation of state parameters
density distribution function
Gibbs free energy
distributed variable of component I
absolute pressure
universal gas constant
temperature, K
molar volume
compressibility factor

Greek Letters
µ
1/

chemical potential
variance of density distribution function
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Superscripts and Subscripts

O
f
i, j
L
V

mean value of density distribution function
feed stream
component identifiers
liquid phase
vapor phase
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